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THE SYRACUSE UNIVERSITY ‘‘MADISON PROJECT” 


RosBeErt B. Davis, Syracuse University 


This is an extremely brief report on the Syracuse University “Madison 
Project.” Longer accounts appear in the M.I.T. Technology Review and else- 
where (see references). 

The project is concerned with mathematics teaching, particularly in grades 
3-9 (but also, to a lesser extent, with the process of learning mathematics on 
the college and graduate levels). It operates mainly in New York State and in 
Connecticut. (The name, incidentally, derives from the name of the first school 
in which the project operated, Madison Junior High School in Syracuse, New 
York.) 

The main objective of the project is a behavioral study of how people og 
mathematics. A two-year program in algebra, suitable for presentation to chi 
dren beginning as early as grade 3, is one concrete result of the project’s studies. 
A workbook to accompany this algebra course is another concrete by-product of 
project research. 


The workbook. The workbook provides for a two-year sequence in algebra, 
with the following features: 

(i) An unusual effort is made to present basic mathematical concepts clearly, 
and to keep the logic as nearly 100% honest as possible. This latter requirement 
implies that most of the logic is inductive, by generalization from experience, 
but a small amount of very simple deductive logic is included (e.g., one of the 
rare pieces of deductive logic—if a single substitution into an open sentence 
results in a false statement, the open sentence was not an identity, because for 
identities every substitution produces a true statement). 

(ii) The language itself is kept casual and unobtrusive. Mathematical con- 
cepts are developed from experience with mathematical situations, not by ex- 
positi 

(iii) The student learns mainly from his experiences in analyzing a sequence 
of problems. For example, by plotting linear functions by trial and error, he 
discovers how to identify and make use of the slope coefficient. We know from 
experience that even low-I.Q. children can readily discover these things for 
themselves, if we merely give them an appropriate sequence of problems. The | 
course includes extremely little exposition—the workbook itself is mainly a se- 
quence of questions, such as: (1) Graph oa Qx-+1;" (2),Graph y=3x+1; (3) 
Graph y=5x-+4; etc. ¥ 

(iv) This course has been taught-with Bs Ninccess to gifted fourth and 
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fifth graders, to low-I.Q. 7th graders, and to many other groups, beginning 
as early as grade 3, and including a full range of I.Q.’s from low-I.Q. classes to 
gifted classes. 

(v) The workbook deals only with algebra. It can be used as occasional 
enrichment material: a fourth-grade teacher, for example, might introduce some 
one or two topics from the workbook. In this way, both teachers and school 
systems can introduce more algebra into the grades by a gradual process. This 
flexibility is a big advantage over a closely integrated program which might 
have to be adopted as a whole or else not at all. 

(vi) The program lays great stress on identifying the basic ideas (and espe- 
cially the hard ideas) of mathematics and introducing them early, so that they 
may be progressively refined in many subsequent years of study. The project 
advocates a first appearance of the concept of limit, for example, as early as 

rade 4, in simple form. Specifically, we can seek numbers which, when multi- 

tied by themselves, result in a product of 2. The germ of the entire concept 
of limit is contained in this problem, and can be brought out in subsequent 
study during the next six or eight years. 

(vii) Since mathematics, we believe, consists in large measure of mastery 
of the art of creative problem solving, students practice this at every step of 
their study. This is a corollary of our nonexpositional approach of teaching by 
asking a sequence of questions. 


Why algebra in the grades? We have many reasons for wishing to begin the 
study of algebra as early as grade 3 or 4. To list just a few: 

(i) We believe a great deal of algebra is easier than a great deal of arithmetic. 

(ii) We believe that many algebraic concepts and tools lie at the heart of 
arithmetic, and can be used both to give deeper insight into arithmetic and to 
simplify the study of arithmetic. 

(iii) We believe that continual practice in creative problem solving is essen- 
tial to the true nature of mathematics, and that algebra provides more (and 
easier) material for the practice of this art than arithmetic does. 


Other aspects of the*project. As mentioned above, the workbook is merely 
a concrete by-product of project research. We believe that problems in the teach- 
ing of mathematics should not be regarded as national crises to be overcome by 
gigantic crash programs. Rather, we insist that a wiser approach is to regard 
mathematics education as a uniquely fruitful field for studying the behavior of 
the human mind; curricula, courses, tests, and so on should appear as “applied” 
bonuses that stem from a program of basic research. 

The experience of four years has convinced us that in working with the 
schools it is necessary to operate on a regional basis, with collaboration between 
teachers and university mathematicians. A program brought in from outside 

annot and will not be installed successfully within a local school. If you want 
~~ a better program in a school, you have to cultivate it and grow it right there on 
the spot. 
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The use of films. Many observers have been impressed by the project’s suc- 
cess in getting fourth graders to discover for themselves the coefficient rules for 
quadratic equations, and so on. We feel this success is closely related to the con- 
duct of our classes. This creates two problems: First, how can we show teachers 
just what we mean when we speak of “discovery method,” “making mathe- 
matics an intellectual challenge rather than dreary routine,” and so on? Second, 
how can we study project classes in order to determine why they do work so 
well? We hope that films (with sound) may provide an answer to both questions. 
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There are two facts about teachers: 
1) They are busy every minute. 
2) They must be allowed to teach the way that suits them best. 

We have tried to keep these facts in mind in preparing this teacher's 
manual for the Madison Project Workbook. 

We will try to make suggestions clearly and briefly. (Unfortunately, 
this makes them sound dogmatic.) 

But if a teacher prefers to ignore certain of our suggestions, and use 
her own methods instead, she is certainly entitled to do so. That is 
her right. 

Before using the Madison Project Workbook in class, please read this 
section: 

1) The absence of exposition. In our use of the workbook ,- are almost 
never tell the students what to do, nor how to do it. Instead, we ask 
questions. | 
The student learns by thinking through the questions himself(we call 
this the "Discovery Method”), or, in some cases, by imitating the behavior of 
the teacher or of other students. 

2) Early introduction of concepts. We try to get the student thinking 
about the basic concepts as early as possible. We avoid the use of extensive 
vocabulary. Names, and also calculations, tend to obscure the concepts, and 
it is the concepts that we want the student to think about. He can learn 
names and calculations later -- after he has thought about the concepts ina 
creative way for same time. (By then he is ready for names and calculations > 
and they won't hurt him.) 

3) Conversations, not lectures. We usually conduct our classes with 
@ maximum of student participation. If a student makes an error, we usually 
wait until some other student notices the error and corrects it. Every 
effort is made to get the students thinking and talking. We do not want them 
listening and accepting if we can avoid it. 

kh) Success experiences. In our experience, nearly every student answer 
has some merit--if only as a courageous try. We respond to every student 
answer as we believe scientists should--it's an answer, and it deserves res- 
pect. If it turns out to be right, it helps us with our work. But, even if 
it turns out to be wrong, it usually adds to our understanding--and so it, 
too, helps us along with our task. 
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We try to avoid moral judgments, or words which suggest moral 
judgments. We prefer to say "Yes, that works" )if it turns out to), 


rather than saying "Good" or "Right"; if an answer turns out not to 
work, we usually say something like (perhaps) this: 

"Well, that doesn't work; do you have any other suggestions?” 

We want the students to feel we are partners in an experfence 
of intellectual discovery; we do not want them to feel that we are 
standing over them waiting to pass judgment on them. 

5) The light touch. The Madison Project introduces mathematical topics 
years earlier than most curricula. This gives us, among others, the advantage 
of being under absolutely no pressure. It is not necessary to be tedious, 
or canprehensive. 

We explore the fascinating concepts of mathematics as long as they 
fascinate us; when they threaten to become routine, we turn to a new topic. 


After all, our real purpose is to get students thinking, on their 


own, about the basic concepts of mathematics. We want them to enjoy it. 
We prefer to end a lesson while the students are still begging for more. 
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LESSON I - CHAPTER I 


‘Chapter I is the first lesson. We cover this easily in 45 or 50 minutes. 
(This is a good test of the "light touch." We try not to exhaust the subject, 


the students, or ourselves.) 


The object of this lesson is to start students thinking about the 
concepts of equation, open sentence, truth set, and inequality. 


It is not necessary to work every example. The workbook probably contains 
more problems than you will actually want to use in this lesson. 

It is not necessary to use the words “equation” or "inequality", although 
you may prefer to. "Open sentence” includes both of these. 

In any event, we suggest that it is best to skip lightly over nomen- 
clature. The names of things are not really very important, and it is best 
not to waste time on then. 
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1. Equations, Open Sentences, and Inequalities 


Can you fill in the proper number in the squares? 
iyhe Sigey | ERS & 
Ans. o& 
2) 2+ =6 
Aus. 4 


cy) Sl eal Students usually find these 
Ans. & easy, and can answer them 


immediately. 
4) 3+ LJ=16 
Ans. |3 
5) 8+ L=-a 
Ans, |> 
Gyms (2 Xt (9) 1) 157 
Ans. ri We suggest: do not explain the use 
of parentheses. If a student suggests '5' as the answer, we simply follow 
the suggestion: 
3 eee ox ie) ee 
We might say: "2 x 5 is ten. 
Then we have to add three: 
3 +1047 
So this doesn't work; do you have any other suggestions?” 

The way we substitute "5" on the board is important. Although we do this 
with a casual air, we actually realize the student is going to imitate our 
use of parentheses. 

(Remember, we don't tell him about the use of parentheses--he has to 
observe for himself how we use then.) 

A step-by-step description of what we might write and say, if a gtudent 
suggested substituting "5": 


First, we already have the equation We write 
on the board 34+(2xf])=7 
We say 
PALL orignt. 


We substitute as 


1 J 
requested: letis try5--- 3 + (2x {5)) 


{f 
"Two times five is ten... ." 3+(2x])=7 
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We say We write 
". . . and we have to add 3..." 3+(2x ())=7 
", . - 3 and 10 are thirteen... ." 3+ 10 
3+(2x ))=7 
n 3+ 10 
13 
",. . . which is not equal to7.. .” 34+(2x f))=7 
3410 
13 #7 


" 


" . . . 80 5 doesn't work; do you have any other suggestions? ... 


What we write at each step has been indicated on the right. In other 
words, we write: 3+(2x (5)) = 7 
310 


13° -aey 
which we write in this order: 


Con Cae 
14 S32) + Gye a 


3 
otk, (3) CO 
This is actually a natural order; you will probably find yourself 


using it even if you don't try. 
Of course, the right answer to number 6 is: 


3+(2xB)) = 7 
3+(2x2)) = 7 
h 
3+ (ee x*(2]|™) Gar 7 
3+ 4 
3°" (2% 42) SP eT 
3+4 
{ ee 6 
Ty wate(@2 Tx [?)]) PLO Me 3g Students usually find these easy, 


once they have seen us work with number 6. 


8) 34+ (3 xT) = 1 As. 
9) 2+ (3 xLJ)= 14 Ans. 4 
PO) eter eS x[2)))—2 (OU A, at Students sometimes say that "there 
11) 1+(2x O)= 4 Weel. is no answer to this problem.” This a clever 


Payee te oex(*)). = 1 As 4), 
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remark--the student who says this 

has discovered for himself the fact 
that there is no whole number solution. 
Ahh. . . but how about fractions? 
Suggestion: When, as with problems 


Sentences or statements may 


be true, false, or open. 

"Washington was once President of 
the United States." This is a true 
statement. 
10, 11, and 12, our first few guesses are not likely to work out, it is well to 
suggest that ‘students keep two lists: one labelled "too small", and the other 
labelled "too large:" 


1+ (2x(J)= 6 Too small Too large 
2 3 
vk k 


We shall make more use of these "too small” and too large" tables in 
later lessons. 

Sentences--true, false, and open. Students usually find this easy. 

(bottom of page 2, and pages 3, 4, and top of page 5) 

(bottom of page 5--problems 19, 20, and 21) Whatever the class says 
about these is usually acceptable. We intend the light twouch here, and don't 
mean to insist upon the facts. 

While we wouldn't fight over it, it is our opinion that: 

19 should be called true 
20 should be called false (Marx was a German.) 
21 should be called true 

(pages 6,7) It is common to use brackets in writing sets. Thus the 
set of even numbers could be written: §2, SR eee .f 
(The final three dots indicate an infinite set, which we shall discuss later.) 

Similarly, the set of integers from 1 to 10 inclusive could be written: 

Ts Gh Sh Uy Gh GHAR oh ee 

A set is given by a list -- the order is not important. We could write 
the last set above as: f2, 7, 3, 4, 1, 9, 8, 5, 6,10$ 

Students often dictate sets in such an order. This is perfectly all 
right -- it may even indicate more thought than if they merely rattled them 
off in order. 

(pages 7, 8) Examples 28 and 29. Write answers in set notation, using 
brackets: 

28) fanay¢ 
29) {Miss Brooks { 
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Here the truth set probably has several elements: 


{Mary, Joe, Marie, Pat, John 


If any one of these is substituted, the sentence becomes true: 


for example: Marie sits in the front row. 


(page 9) 

35) Ans. 
36) Ans. 
37) Ans. 
38) Ans. 
39) Ans. 


{0, 1,23 

{2f 

{2, 3, 4, 5,f 
193 

§3, h, 53 6, Tf 
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LESSON II -- CHAPTER II 


This lesson has four objectives: 

1) Review of truth sets from previous lesson 
(problems 1-6). 

2) Introduction of open sentences with two placeholders (also 
called "equation in two variables.") 

3) ‘Introduction of tables and graphs. 

4) Giving thr brightest students an opportunity to discover a 
pattern in graphs (which in fact is actually the concept of slope). 
We shall explain this further in a moment. 


(page 10) 

1) Ans. $5¢ We suggest that on every problem of this 
2) Ans. 346 type if our first guess of guesses do not 
3) Ans. {2 work out, it is extremely advisable to make 
4) ans. §7§ two lists, one headed "too small: and the 
5) Ans. 335 other "too large." 
6) ans. 1 1/36 

Sometimes ... etc. 


For example, if, on problem 1), a student suggested that we try "6", 
we would find that 
1+ Gz. fp) gic 
pi aks) 
19 # 16 
and it is clear that "6" is too large. 
So we start our lists: 


Too small Too large 
6 


This means that we do not need to try any numbers larger than 6. It 
makes our work much more efficient. 

(Of course, the only method we have for solving equations at this stage 
is trial and error. The use of "too small" and :"too large” lests permits us 
to use trial and error in a systematic way. 

In problems 5 and 6, these lists are especially helpful. Let us work 
out 6) as an example of how the lists can help: 
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6) 1+(3xL))=5 
Suppose a student suggests thatthe try "3". We carry out his suggestion: 
bse (REMEDIES 


We see that 3 is too large. 1+ 9 
We start our lists. OPE 3 oe 
Too small Too large 
3 


Now-suppose a student suggests "4". We could ask the class if they 
bel.ieve we need to try "4" -- ( a "poker" voice that doesn't give away the 
answer is a big asset here). 

Probably someone in the class will realize that if 3 is too large, 
then 4 must also be too large. 

Suppose a student now suggests 2. We substitute: 1+ ( 3 x [al ) = 5 

alae Xe 
fen & 

- » sand we find that "2" is too large. We put it on our list: 

Too small Too large 
| 3 
2 
Probably the class will now suggest that we try "1". We do: 
HPA eye) CG 
pe pth 
h TS 
- - and we find that "1" is too small! 
Adding it to our lists: 


Too small Too large 
us 5 
2 


The class will probably suggest that we try 13. All right, let's try 14: 
Woe (pei es & 
1+ 43 
5s a 5 
. . -and 14 is too large: 
So our list grows: 


Too small Too large 
1 5 
2 
13 


Now we know that we must try numbers bigger than 1, but smaller than 14. 
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This is a test of the students’ ability to compare the size of different 
fractions: 
Of course, the right answer is 11/3. Substituting: 
1+ (3 xf#)=5 
1+ 4 
5 = 5 
So this answer works out! 
(W suggest that you do not tell students the right answer. Wait until 
thay guess a number that actually works out when you substitute. ) 


(page 11) 
7) Ans. Yes, pecause 4\ = ee is a true statement. 
You may wish to use some examples in words, such as: 
n "is a friend of( th 


The table for the truth set might then look something like this: 


Joan 


Joan Mary 
Harold Gene 
John Albert 
Gene Harold 
Albert John 
and sO on... 
(page 12) (page 13) 
8) A 
2 | 4 
Calls: 
caidas 
4 | 7 
alas. 
6| 9 
Fate h.0 
Yaleis 
1 | 3Ya 
131 4/> 
3/2| 63 
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(page 14) 


The exposition of graphing in the Workbook is deliberately brief. This 
is perhaps a place where clear, brief exposition by the teacher might be in 
order. 

(Notice that this is virtually the first place in the workbook where the 
teacher should tell the class how to do something. .) 

(pages 15-16) 

You may wish to look at a few more correctly graphed points: 
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Probably the most common errors in graphing points are these two: 

1) reversing the coordinates (for example, putting (1, 2) 
where (2, 1) should be); 

2) beginning the counting wrong, so that (3, 4) might be erroneously 
located where (4, 4) should be, or where (2, 4) should be. (Or, perhaps 
where (4, 5), (3, 5), (2, 3), or (3, 3) should be.) 

(page 16, bottom of 17) 
There are two opportunities on the page. 
1) We hope most students will learn to locate points correctly in 


graphing these truth sets. Corect graphs look like this: 


2) There is, however, a further opportunity: we hope that some 
bright students will discover the pattern for each problem. 
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There are two possible discoveries: 
i) Each problem has some pattern: for example, in problem 13, we 
can get from one point to another by going "over one(to the right) and up 
one." Thus, (3, 4+) is an element of the truth set. 


“over one" (to the right) 


In problem 14, the pattern is "over one and up three"; 


Starting at (1, 4), which is an element of the truth set, 


rhs 


We go over one, and up three; 


A 


e new point is here (5, 7); 
it, also, satisfies the equation. 
“and up three” 

over one” (to the right) 
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Some bright students may discover these patterns as they go about their 
task of locating points by trial and error. 
ii) The second possible discovery is this: The pattern on the 
graph is related to one of the numbers in the equation: 
For A = (3x D)t!/, the pattern is "over one, up three.” 


For A=/( XX D)+1, the pattern is "over one, up two." 


These are the first major discoveries of the course, so we'd like to 
repeat the basic ideas: 

1) All that we tell the students is how to locate a point on the graph. 
If students do not discover the patterns, we do not tell them about the 
patterns. 

2) Usually, as they work along plotting points by trial-and-error, 
one or two bright students will discover the pattern in the problem they 
are working. 

3) If they do, we let the whole class know that "Jane” (or whoever) 
has discovered a pattern in problem 13. We might not immediately tell the class 
what the pattern is, until several other students have independently discovered 
"the pattern in problem 13." 

4) When a number of students have "discovered the pattern in problem 13" 
independently, we might let the rest of the class in on the secret, by showing 
them exactly what the pattern is. 

5) Then we Might ask them to "see if Jane's pattern also works in 
problem 14." If not (and of course it doesn't), we ask them: "Can you modify 
Jane's pattern so that it will work in problem 14?" 

6) Once a student is sure of the pattern in a problem, he can use it to 
save time in plotting further points. 

7) Students do not usually discover the relation between the pattern and 


A=(3xO)+! 


in the equation. Well, that's life. WE DO NOT TELL THEM! 

This section is one the real opportunities for the teacher to practice 
"the light touch” and to use the "discovery method.” Good luck!! 

(You may notice that in problem 18, the pattern is: 


the number 


"over one and down one.") 
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LESSON III - CHAPTER III 


We suggest betinning this lesson with a very brief review of open 
sentences, truth sets, and graphs. 

The main point of this third lesson is the Point-Set Game. We might 
now discuss two matters: 

i) How we play this game in class. 

ii) Why we regard games such as this as important parts of our work. 
First: How We Play. 

1) We choose two team captains. 

2) The captains pick up sides. 

3) One team will use the symbol @ to mark its points, and the other team 
will use the symbol O. 

4) We mark off the boundaries of our board--usually something like this: 


(At this stage we are limited to non-negative integers.) 
5) The first player on the @ team (say), tells us two numbers--at 
this stage, two whole numbers (which may include zero.) 
6) We graph the point which the lst player named. 
(Suppose it was (2, 3).) 


7) The first player for the other team tells us two numbers.’ 


(Let us suppose he says (5, 2).) 


8) We graph this point: 
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9) We continue playing in this way. 


Some remarks: 


10) You can stop whenever you wish (say, at the end of the period). 


team with more points on the graph wins. 


The 


11) The basic rule, of course, is that when a point (or a group of points) 
is surrounded by the opponent's points we erase the surrounding points. 


Thus, suppose we had this pattern; 


HERO oO a 
LI obbad 
pst 


Suppose the next player for the CO team said "six, four." 
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Now--since the four @'s are surrounded,.we erase them! 
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This, of course, was a victory for the © team! 


12) If possible, of course, a team moves in such a way as to defend itself 


against possible surrounding; 


Suppose, for example, the situation looks like this, and it is the @ team's 


turn to move. 


We would mark 
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In this case, the @ team should defend itself by playing "six, four.” 
The result would be: A 


The @team is no longer in danger of being surrounded: they have 
connections to three vacant points, namely (7, 3), (7, 4), and (7, 5): 


j 
\ 


| i aabaate | 
| | Keel 


The @ ''s have connections to 


| | a three vacant points; consequently 
| | | Khe e@cL | | 
| | pant | they are not surrounded. 


Eraaseshin 
ERBUBE RSMO ex 
() 

13) We count connections along graph lines, and also along the diagonals. 

This point is said to be 

"connected" to (1, 2), (1, 3), 
(13 4), (a 4), (2, 2); (3, 4), 
Cs; apy. and CG; 2): 


i) If any of these oe points are vacant, the point is not 
surrounded. 

bi Uke all eight of these points are occupied by enemy spots, then the 

at (2, 3) is surrounded and mst be erased. 


14) A vacant spot or spots entirely surrounded by one team is called 


an “eye.” 


These are both eyes: 
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15) It is a rule of the game that all points connected to an eye are safe, 
and cannot be surrounded. 


awantan All of these points are "safe"-- 
hat (See 

TT RbRb dah | 
Bhaes.it.2.: 


DY they are connected to an "eye"! 
EO 


The O points are not surrounded, 
because they have an "eye" at (3, 4). 


L] 
16) If, in the example above, theOteam should unwisely fill in the eye 
at (3, 4), then all of their points would be surrounded, and would be erased! 
17) A point on an edge can be surrounded by 5 opposing points: 


The @ at (6, 3) is surrounded and 
must now be erased. 


A 


The © at (0, 0) is surrounded 
and must be erased. 


19) Ifa player calls for a point already occupied, that move is illegal. 
We make no mark, and go on to the next player on the other team. (In other 


words, an illegal move is simply wasted. It is a victory of one point for the 
opposing team.) 


Similarly, if a player calls for a point outside of the boundary, the move 
is illegal and is wasted. 


i 


130 


te 
y 
q 
im Perrys 
We be ed 


“a 


e 


ae ee 


oe % 


Of SATs 


ey we 


w tot aflas rwyelg ae 


— a a & 
77 aft ir; = 3 & i “" 
fal Mie ae 


ait to abtasio teteg s tot 2fteo teyelq @ Be. cee 


hetaaw at 


as 


av 
LPs 


Page 19 


Example: 


bd > 
@O 


Team A: (3, 4) 


Team B: (5, 6) 


Team A: (6, 7) 


Team B: (3, 6) 


Team A: (5, 6) 


Team B: (5, 4) 
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“Team A: (4, 4) 


Team B: (5, 5) 


Team A: (3, 4) 


Team B: (6, 5) 


What is happening here is this: Team A's mistakes have cost them 3 points. 
Team B has 5 points on the graph, compared with Team A's two points. 

Notice that if Team B is able to get these points: 

A 
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- « « then all of Team B's points are safe, since they are connecte 
"eye" at (6, 6)!! 
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20) We usually take the first pair of numbers each student calls out: 
We do not permit him to change it. This causes students to become quite care- 


ful in choosing their points. 

Now--why do we consider this game important? 

1) It gives students a pleasant form of practice in plotting points. 

2) The students enjoy it--hence it adds to their pleasure in studying 
mathematics. It is very important in mathematics for the subject to be fun! 

3) The students enjoy the social interplay in choosing up teams. This 
gives us a chance to get every student participating. 

4) It gets the student thinking: He cannot win a game like this unless 
he thinks. 

Also, he cannot do mathematics unless he thinks. We can only teach math 
to shrewd students. 

"It is said that there was once a doctor who could only cure fits, so he 
first threw his patients into fits, and then he cured then.” 

We can only teach math to shrewd students. So we let them play games. 
In order to win, they become shrewd. Then we can teach them mathematics! 

5) The fifth reason is that we enjoy this game ourselves. We hope 
that, once you have become familiar with the rules, you, too, will get fun 
out of this game, and will convey this pleasure to your students. 

We hope you will learn to enjoy this game as much as we do. 
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LESSON IV -- CHAPTER IV 


Although we have called this lesson "Review," it does introduce one new 
idea--the idea of a solution set we are never finished listing. For example, 
in problem 26, page 26, we are asked to write the truth set for the open sentence 
26) 1<3+ (2 x[_])< 10, 
using whole numbers and fractions. 
Evidently 0, 1, 2, and 3 belong to the truth set: 
S01, 2,3, eases 3 
But this is not all. The numbers 1/2, 11/2, 21/2, and 3 1/2 also belong: 
pel Wega chy eledy BU AY yb ch Yay a 
This is still not all! 1/3, 11/3, 21/3, and 3 1/3 also belong to the 
truth set: $0, eee spel / eel oe ouly omjal/ongl/ Sele) Syeonl)/ 3) e321/S;00 =. 
This is still not all: 2/3, 31/7, 21/10, 3 2/31, and 1 3/8 also belong to the 
truth set: 
Pomona ty 21/3501 1/2831) 4ph2el aren /2 6301/2, 11/8, 0311/7, 2/3, 
Gal 1075.2) 3001 3/5, - ee ee 
Clearly, this is still not the camplete list! We have left out 1 2/3, 2 2/3, 
3 2/3, 1/27, 3/8, 2 3/8, 1/61, 1 19/23, 1/1959, 1/1066, 2 1/1732, and 3 3/10. 
Nor are these the only numbers that we have left out. It is clear that out list 
will never be complete. 
In such a case, the mathematician indicates that the list will never be 
complete by writing three dots, 
$0, 1, 2, 3, 1/2, 11/2, 21/2, 31/2, ¥3, 11/3, 21/3, 31/3, 1 3/8, 2/3, 
Bins /7 tee /107m5 12/314. Gemes 
The final three dots indicate that we realize that the list is incomplete, 
but we know that it connot be made complete. 
(pages 23 - 2h) 
1) 2+7=9 Tre 


2) False 
3) True 
h) True 
5) Open 
6) e « - eitner true or false, depending on who sits in the front 


row in your class. 
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T) Open 
8) + « » same as number six -- depends on your class. 
9) Open 
10) Open 
11) Open 
12) False 
Can you find the truth set... 
13) - « . Gepends on your class. Might be something like this: 
3 Shirley, Jane, Marie, Tom, Jerry, Bobf 
14) er} 
15) {7s 
16) 32 1/2¢ 
17) YL 1/3} 
18) 32 1/3 
19) 43 2/3% 
20) Bf 
21) iu 
Can you make a table... 
22) . » « depends on your class. Might be something like this: 
23) See next page 
2h) See next page 
25) Oe ey 


PONY a2 al; ),/2s0 eel (Pasi) Seal ose / 3502s 17/19 seme at 
(Notice the three dots!: Compare the discussion at the beginning 
of this chapter in the Teacher's Manual.) 
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ial /2 6 1/2 


1/3 91/3 
21/3 7 1/3 
21) 3 1+ (2 xf ) 12 Whole numbers 


Ans. 32, 34; 5¢ . . . « Note that "3< 3” is false, 
3 is not less than 3 
28) Whole numbers and fractions Ans. $2, oy Uy 6 BOWE pl ey Cel 
pice CAYEP ah eRe AY -¢ 
29) Ans. $3,4¢ 
30) Ans. 53, 4, 21/2, 21/4, 21/8, 21/16, 3 7/8, 3 2/3, - - ne 
31) 
32) 


On graph paper Concerning problems 31-36 we have two remarks: 


1) We hope some more students can discover for themselves the 
pattern in these problems (which, of course, is actually the concept of slope 
of a straight line). 

Th that in problem 35, for example, we might begin with the point 


1 .- We can now find further points by us::ing the pattern "over one, 


up Bae A X 


oO 
Using this pattern, we get (as our third point) (3, 12). If we now 


substitute 3 in the ES. and 12 in tneA, the statement 
is true! We found this point without needing to calculate! 
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2) You may wish to encourage some of your students to use fractions as 
well as whole numbers. If they do, then problem 31, (for example), might look 
something like this: 
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LESSON V - CHAPTER V 


We hope you have gotten used to two aspects of the Madison Project: 

1) In each lesson we try to introduce something new, and also to review 
some of the earlier work. We do not expect a topic to be mastered when it is 
first presented; most students will master it gradually, during its subsequent 
re-appearances as a review topic. 

2) The "Light Touch": We do not necessarily try to cover all of a lesson. 
If we cannot, we use our own judgment in deciding whether to continue with 
that lesson on a subsequent day, or whether to let the matter drop. After all, 
there is plenty of time -- we don't have to learn everything right away. It 
is best to skip over a topic if this will help to maintain really lively class 
discussions. 


(page 29) Work with tables and graphs. 
Also show some solutions with fractions. 
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LESSON 6 - CHAPTER 6 


Our students usually find this a particularly exciting lesson. 

For one thing, it gives them a chance to argue with one another. We 
encourage this. We often take a vote of the class to see how many think the 
sentence is an identity, and how many think it is not an identity. 

Inorder to prove that a statement is not an identity, the students must 
find some numbers which, when correctly substituted, produce a falsa statement. 
Class discussion on problem 1) might perhaps go something like this: 

You: Do you think #1 is an identity? 

John: No, because (3, 2) won't work. 

You: Is that right? (Here we would make a special effort to sound like 
we agreed with whatever the students tell us. We are careful to avoid 
sounding sarcastic, dogmatic, authoritarian, or unpleasant. We do not want an 
atmosphere where we seem to pass judgment on the students. Actually, we don't 
need to voice our judgments anyhow, -- there is always same other student who 
is ready to point out any errors. We just go along in our bemused -- but 
pleasant: --way. Of course, if the truth be known, we probably have out little 
tricks for steering the conversation, but we hope that nobody notices .. .) 

Gerry: No, 2+3=5, and3+2=5, so it is an identity. 

Marie: It is an identity: 

John: Oh, I made a mistake. . . 

You: Let's take a vote: how many think it is an identity? 

Perhaps 2/3 of the class raise their hands. 

Who thinks it is not an identity? 

Most of the other students raise their hands. 

Mary, can you prove it? 

+ « e andsoon... 

Now, several exciting things are likely to happen:- 

1) Somebody is likely to find a substitution that does work, and conclude 
that the statement is an identity. 

This is not a correct proof: To prove that a statement is an identity, 
we must prove not that one substitution yields a true statement, but that every 
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correct substitution does. 

We can either challenge this false proof ourselves, or we can try to 
maneuver the conversation so that some student will point out the fallacy. 

2) In the case of a statement that is an identity, some student is likely 
to become convinced that it is not, and to go to great lengths to find a 
correct substitution which will yield a false statement. You and I know he 
will never find one, because there isn't any. 

But we don't tell him this:: 

It's his job to decide whether or not the statement is an identity, and if 
he is determined to find a case to prove that it isn't, we're not going to hold 
him back. We let him try, and after every few trials we take a vote of the 
class, to see how many think that he will someday find a substitution that 
will make the statement false. 

When we think it's time to go on, we leave the issue undecided (if 


necessary) and try a new problem. 


Answers: 1) [ied + van = iN + U These are identities. Every correctly 
PCG aN AND ¢ [3] made substitution will produce a true 
statement. 
gs 
Pabeltlastue Avaze/S This is not an identity. For example, put 


3 in the square and 4 in the triangle, The result is: 


LN ep 7 #LS— 


even though we substituted correctly when we put 3 in the LJ and 4 in the IND 

This gives you an opportunity to review truth sets. The substitution 
10>, 5>/\, produces a true statement. Hence (10, 5) is an element 
of the truth set. 

However, (3, 4) is not an element of the truth set. 

If [oil + A 1S haa been an identity, there would be no element 
( of the proper form) which did not belong to the truth set. 

h) This is an identity. Incidentally, if the students substitute numbers 
so that they encounter negative numbers (which they have probably not yet 
studied), our suggestion is: 

Don't waste time on this now! 

Instead, suggest to the class that we will learn about "numbers like 
that" later on. 
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5) This is not an identity. (Again, be prepared to skip over negative 
numbers, as we did in problem 4, if the difficulty should arise.) 

6) This is an identity. The students cannot prove this one either way: 
they can't find numbers to make it false, because there aren't any; and they 
can't show that every set of numbers, properly substituted, will make it true, 
because there are infinitely many numbers, and the students can't possibly 
substitute all numbers. But after a great many student trials, we can take 
a vote, and see how many students think that this really is an identity. 

7) Not an identity. 

8) This is an identity, and a very important one~-but it may be best 
not to tell the students so. We hope that, after a while, they will come to 
recognize this important identity, but it may be wiser not to emphasize it too 
much just yet. 

9) An identity. (Actually, the same as 8.) 

10) An identity. (Actually, the same as 8 and 9.) 

11) An identity. (A generalization from 8, 9, and 10.) 

12) An identity. (Still this same one.) 

13) An identity. (This is still the same; we hope the students are 
beginning to suspect as much, at least vaguely.) 

14) Not an identity. 

15) An identity. Students can't prove this, because we have not yet 
provided them with a logic and set of axioms. Frequently, however, some 
bright student tries to "explain" why this must be an identity. Our response 
to such a "pro&f" is to be non-camital. 

16) An identity. 

17) An identity. 

18) An identity. (Our old friend, again.) 

19) Not an identity. 

20) An identity. 

21) An identity. (Our old friend, in still another forn.) 

22) No. In Order to prove that this sentence is an identity, John 
would have to show that every substitution yields a true sentence, and not 
merely that 1—> 0) ana 1A does. 

23) Yes. 
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24) In fact, the sentence is not an identity. This is easy to prove. 
9 We need merely find a correct substitution that will produce a false statement 
as a result. 
Substitute O-[], 1A. The result is: GS +1)X o— (0+3)xX| 


O= 2 which is false. 
Since this correct substitution has resulted in a false statement, the 


original open sentence cannot be an identity. 
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LESSON 7 - CHAPTER 7 


It is a big help here to use a very small sign, written very high, to 


a3 
in contrast to a large sign, centered on the line, to denote addition: 


Spies 


Remember that what we are dealing with here are "numbers that came with 


denote a positive 3, i. e., 


signs attached to them." When we add two signed numbers, we are dealing with 


something like this: 
aa 0S 


In most cases, if no sign is indicated, 
Pi ee 
when what is meant is a positive sign: 
meaning: ae) 
1) A few uses of numbers that have signs attached to them: 
i) Indicating up vs. down on a graph, or right vs. left; 
ii) Indicating gains vs. losses in a game, or in a business transaction; 
iii) Indicating temperatures above zero vs. temperatures below zero; 


iv) Indicating altitudes above sea level vs. altitudes below sea 


level. 

2) Ruth, of course, is right. 

3) 4) 
5) 6) 


7-14, etc. 
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LESSON 8 - CHAPTER 8 


Answers: 

1) Using a single signed number (as suggested in the workbook), we 
would say that the score is +3. 

2) One run scored for Boston, so the score would be +3. 

3) The score wouldbe‘l(two more Boston runs came in on this play.) 

4) The score would now be ~1 (i. e., Boston is now one run ahead). 

5) Since Boston picks up two more runs, the score at this point would be 
—3 (that is, Boston is now three runs ahead). 


THE MATRIX GAME 


A game which we use in all our classes might well be introduced at this 
point. 

To play, we divide the class into two teams (we usually let the students 
themselves choose up sides, which seems to add to their enjoyment). Call one 
team the "Green" team, and the other the "Red" team. The first player for the 
Green team will write either "A", "B", or "C" on a piece of paper; simultaneously, 
the lst player for the Red team will write either "L", "M", of "P"” on a piece 
of paper. Neither player knows, at this stage, what the other player has 


written. 
Before beginning play, wr wrote on the blackboard this matrix: 


Green's choices 


Le / ite ah ) 
M -9 0. 6+e Positive numbers denote victory for 
p ol +4 -9 Green. Negative numbers denote victory for 


Red. 


The score is | 


Diagram 1. Matrix and Accompanying Notes, As We Write Them on the 


Red's choices 


Board Before Beginning to Play the Matrix Game. 
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The first player for each team has written his choice. These choices are 
now read (by two student referees, perhaps). 
Suppose the choices were: 
Green: "B" 
Red: "Pp" 
We find the outcome by reading the matrix: 


Since Green chose B, we 
read the 2nd column. 


ince Red chose P; we The outcome is the entry in the 
read the 3rd row. 3rd row, 2nd colum. 
The score is now -- that is, Green is ahead by one point. 
To check your understanding, suppose on the next play the nd Green player 
chose "A", and the 2nd Red player chose "M". The result of this play would be; 


Consequently, the reslut of this play is ~2 (that is, a 2-poing victory 
for Red). 

Before this play, the score was (Green ahead by one point). 

Qn this play, the result was ~2 (Red won a 2-point victory). 

Hence, the cumilative score is: Fr (Red is now one point ahead). 
We usually stop the game at the end of the period, or at some convenient 


time; whoever is then ahead is declared the winner. 
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CHAPTER 9 - LESSONS 9, 10, etc. 
You will probably want to use this "Postman" example for a month or longer, 


whenever you have occasion to add or subtract signed numbers. 


Answers: 2) *t2 47h = 7 The postman brings you a check for two dollars. 


1 Ok 
and he also brings you ta 2+ 
a check 4 fe 
ae ey 
for four dollars 2) tr ‘5 4 
As a result, you are richer by an amount of six dollars: 
neue a= qe 
See tea 7 
The postman brings you a check for five dollars r5 
and he also brings you +54 
@ bill 54+ 
for two dollars. 5 ee 
How much better off (or worse off) are you? 15+7-~2=—2 
You are better off by an amount of three dollars Fre. 3 
4) Brings bill for $2 and bill for $3. "2+73=75 
5) Brings check for $5 and bill for $6. wisi is, soak 
6) Brings bill for $7, check for $9. Site te 
7) Brings bill for $5, check for $1. a5 tet 
8) Brings bill for $3, plus (say) a letter with no check or bill 
at all (perhaps a birthday card or an advertisement). “3+ 0=73 
9) Brings bill for $2, and bill for $5. ei ie facta 
10) Brings check for $6, plus check for $3. 6473249 
11) Brings check for $8, plus bill for $1. et py eee 
12) Brings bill for $3, plus bill for $6. wot +m One O 
13) Brings check for $1, plus check for $12. ee vToeet 13 
14) Brings check for $7, plus bill for $9. ne Abi 4s Net eo 
15) Brings check for $2, plus check for $17. +2 4417> 719 


16) We can explain subtraction by saying that the postman "takes" 


away a check," or "takes away a letter." 


ate (OT mn = ¢ a 
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If you need to go into more detail, we can agree that we will total up 
all checks and bills every day, without stopping to verify that they are really 
for us. On some days, the postman comes and says: "That check I brought 
yesterday -- it was really for the woman upstairs. Let me have it and I'll 
give it to her." In such a case we say the postman takes away a check; since 
we had included this check in yesterday's daily total, we must now decrease 
our recorded balance by the amount of this check. 

Forege (2 02 
we would say: 

The postman brings a check for $7 (which makes us $7 richer), and takes 
away a check for $2 (which makes us $2 poorer, as explained above). 


17) Brings check for $9, and takes away a check for $2. iG) rane 
18) Brings check for $15, and takes away a check for $5. PS 510 
19) Brings check for $8, and takes away a check for $2. +8 —+2 =T6 
20) Brings bill for $5, and takes away a bill for $1. mig Ca hoaame 
21) Brings bill for $5, and brings also a bill for $1. 5) +e © 
22) Brings check for $10, and takes away a check for $2. t+10—+t2=t8 
23) Brings check for $8, and takes away a check for $7. Ans. sha 

24) Brings bill for $5, and takes away a bill for $2. Ans. ~ 3¢ 

25 MEANS sha? 

26) “9 


27) Brings check for $7, and takes away a bill for $2. Each of these 
actions makes us richer. +*+7— 2=t9 
28) *7—"4= 11 Same bright students may notice that "taking 
away a bill for $2" is economically the same thing as "bringing a check for $25" 
in one class this became known as "Cecile's Rule", after the girl who first 
stated it. 

Using “Cecile's Rule,” she would say: 

mF Pe Ob cea (aes TS Ce oT 

But we don't tell this rule to the students--we wait until they discover 
it (which probably won't happen as early as this lesson). 
29) 78 30) “8 31) ~6 
Bo) Sa 33) 
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34) 35) 

is] 

38) i a 

40) A 41) 
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e, could write this simply o ve 

43) St5¢ (or, of course, we 
yy) 52s 
45) $38 
46) st2¢ 
47) 5 4 
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LeSSON 10 - CHAPTERS 10 and 11 


The main thing here is che light touch. 
We do not usualiy spend more than 10 to 20 minutes o1 Chapter 10 
during this lesson. We dc, however, return to this material frequently 


--and “casually"--in subsequent lessons. 


What usuaily happens. All students quickiy learn how to substitute and 
test for reots by trial-and-error. 

A few usually discover the "two secrets": the product of the roots 
is the last. coefficient in the equation, and the sum of the roots is 


the second coefficient. 


For example 


wee Xt) —(|/3Xel) + 22 = 0 


4, lf 


The truth set is: 


The truth set is: $ is N¢ 
YX I= 44 
4H IS 

A few students usually dizcover these "secrets". When they do, 
they can use their discovery to zolve future equations faster than we 
can write them down on the board. But we encourage them to protect 
their “secret”, and not 1et the other students find out how they are 
doing it. 

This is usually one of our most exciting and gratifying lessons. 

To make the "secret" work easily, most equations have roots that 
are prime. This includes probleme 1 - 5 7, 9, 12, 14.15. 

Those equations with roots that are not prime are somewhat more 
difficult (as in the case of 6, 8, and 17), or even quite a bit more 
difficult (10 1 16 and 19). 


Copyright @ 1959 Robert B. Davis 
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You can sometimes induce the class to discover the "secrets" more 
quickly by repeatedly asking them if they have yet.found the secret, or 
even good-naturedly chiding them if they have not. 


Answers: 

A) 2, 1 usually easy 
2) {4, 12 " " 

3) 43, 11 ct: es 

4) 5, 3} Shae ts 

) ba ae: 

6) $6, Me slightly harder 
TPA rnd | easy 

8) 46, oe usually slightly harder 
Dreterals usually easy 
10) 2, 9f hard 

11) 420, 4 usually hard 
12) 9, 11} easy 

13) 

14) 45, 2} easy 

15) 7 5 ot easy 

16) 6, of hard 

17) $8, 103 fairly easy 


19) ¥l, 32} haret! 
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LESSON 10 - CHAPTER 11 
How Do We Decide Questions in Mathematics? 


We do not usually spend an entire lesson on our first treatment 
of quadratic equations. You might finish the day's lesson by beginning 
the work of Chapter ll. 


If the postman example has settled the question of the arithmetic 


of signed numbers, you may prefer to skip Chapters 11, 12, and 13. 
Alternatively, you can omit Chapter and use Chapters ll, 12, 


and 13 to develop the arithmetic of signed numbers. 
The point of the discussion on experiments is this: 
A statement like tAx +3 =f is an abstract statement. Before we can 


1" 


"perform an experiment," we must work out an interpretation. That is, 
we must identify each abstract concept et y *6, and na with 
something in the real world. We develop such an interpretation in 


the next chapter. 
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CHAPTER le 


It is important with this lesson to get a lively class discussion 
if that is possible. 

For XX ~— __, we say that we wish to undo, or cancel out, 
something . . . and to "undo" it twice. 

Consequently, we could say that 

“eho 

means we had recorde@ earnings of $3 on two occasions, but (perhaps 
because we received bad checks) we now must reverse ourselves and 
"undo" this. That is, we must subtract $6 from the balance shown 
on our books. 

Similarly, we would say that 


~ X ~3 
means: 
= Si a loss of $3 
~A X to be undone twice 


(perhaps someone is making good the two bad checks). 

To undo this loss, we must add $6 to the balance shown on our 
books. 

We do not insist that students accept this interpretation--we 
leave it up to them to decide whether they are convinced by the 
accumulation of evidence. (If they don't like this evidence, we have 
some more coming up in the next chapter.) 

We start a list in class: 
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In the left column we list problems (representing types) that 
are acceptable to the class at present. (They may be removed later if 
people become skeptical about them.) 

In the right column we list problems which are still doubtful, 
and under each problem we list the evidence that is available to 
settle the question. (The ev idence from "identities" and “graphs" 
will be presented in subsequent chapters.) 


CHAPTER 13 


This is normally a single lesson. 
Purposes: Review of preceding lesson (Chapter 12) 
Introduction of the concept of "unhappening" 
Use of commutative law as an alternative approach to 
m"Qx7Z= 20 
Use of graphs as an alternative approach to " Z Sym ents 
and "*3X -“Q= 
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CHAPTER 14 


This is the first lesson in a sequence of lessons devoted to the 
idea of identities. 
We hope the sutdents will learn: 
1) What an identity is. (I. e., every substitution 
produces a true statement) 
2) Recognition of a few of the more fundamental identities, 
especially: 
KA HaX 
ap soy ay oy ayo 
Ox(A+v)=Oxd)HOX¥) 
DX (AKY)=(OXADKV 
D+(A+V)=(O+A4)+ V 
ape) Sa 
3) Some insight into the form of verious identities. 
(For example, the similarity of 
D x (A+3)=(OxA)+(Ox3) ana 
Ox (+7) =(Oxd)+ (gx7).) 
4) The idea that two identities can often be combined 
to produce a third identity. E. ¢., 
Nos A Ae 
ii) (+a) x(D+a) = (Ox) + (4x0) +4 
Combining i) and ii), we can get: 
sii) (A40) X(Ata) =(OxXO)HyxD)+Y 
5) There is an impossibly long list of correct identities, 
including: 
iG) [olaryay Soran 
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411) (1 +2) x(Q +2) on (A *D) +¢xQ) oe 
iv) Ox(A+V7) =(O%d) (O77) 
v) Ox(A+3) =(Qxd) +(0x3) 
vi) OX (344) = OXQ+43) 
vii) OX(3+A) = (3+A)XO 
viii) OxX(S+A) =(A+3)X O 
+ « e and so on 
6) We can replace this list by a much shorter list. How? 
By using the idea of implication. For example (cf. list above): 
We can eliminate vi), since it is a consequence of i). 
We can eliminate vii) from the list, since ii) implies vii). 
(We would write this ii)=vii).) 
We can eliminate viii), since i) and ii) together imply viii). 
(We would write this i) and ii) => viii).) 
We can eliminate v) from the list--it tells us nothing new beyond 
what iv) tells us. 
7) Finally, there is the question of how far can we get the 
students to go with this. The idea itself culminates with the concept 


of a set of axioms, and with the "proof" of a "theorem" such as: 


(0+) x (O+A) = (Dx O) +{ax(0xA)] +(Axd) 


We do not insist on getting this far with the student during the 
"1st Course". (We shall return to this sequence of ideas again later 


in "2nd Course”. ) 
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CHAPTERS 15 and 16 


These two chapters continue the sequence on identities and impli- 


cation. 


CHAPTER 17 


The main topics of "lst Course" are these four: 
i) Equations (or "open sentences" ) 
ii) Identities (and Implication) 
iii) Graphs 
iv) Signed Numbers 
This Chapter is aimed at consolidating our progress in working 


with these four topics. 
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CHAPTER 18 ("Derivations") 


I should be ready for anything by now, but this lesson astonished 
me the first time I taught it. It was a tremendous success with the 
class (who were sixth-graders), and was easily completed in one one- 
hour period. At the end, the class was eager to continue. 

This lesson introduces several new notations and words. Personally, 
I treat these very casually, and the class accepts them without 
question. In subsequent lessons some questions may arise--but by 
then we will have enough experience on which to build a good answer. 


One example: List #III introduces the first use of letters as 
placeholders. 

I do not explain this. 

I write 1, 2, and 3 of List #III. 

Then I casually ask the class "Do you mind if I use letters?" 
They have always assented eagerly (they have seen letters used in other 


books). So then I write, without advance explanation, 
(a+b) x (ctd) =(@xc) +(AXd) + (bxe) +(bxd4) 

If any question is raised at this point, I simply say that "qa" 
is a placeholder just like "(]" or "A\". 

Personally, I think you can handle this lesson better if you do 
not use theworkbook during the lesson. You yourself can read the 
workbook in advance, and then unobtrusively lead the class discussion 
to follow the general lines indicated in the workbook. 


Answers: 1) The list can be shortened. Identities 1) and 2) 
imply Identity 3). 
How? Here is the derivation of #3) : 
2) 0 X(A+V7)=(Oxd) +HOxV) <————_ We start here 


and we wish to get here 


3) TAx(AtV) = (Axo) +Qx7) & 
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The idea is to make only one change at each step, and to justify 
each change by using some identity on the list. 

Evidently, we can get from 2) to 3) in a single step, by using 
identity 1) to permute (or "flip," or "reverse") the factors [ ] and /\ 


in the first parentheses on the right: 
#1) (2) Dx(At+v)=(Ox4) +(OxV) 
3) O x(At+v)=(ax0)+(axv) 


2) Yes. cf. answer to question l. 

3) Yes. nm tt tt rw 1: 

4) I have found that this word works very vell with my students. 
It seems to help a great deal to use intuitive language, rather 
than "formal language". 


List #II 
5) Yes. Identities 1), and 2), anda 3) sae) Identity 4) . 
6) Here is one possible derivation of Identity 4) . 


2) Dx (A+V7)= (Gx4) + (O*VY) 

1) Ox(Q+V)= x9) +(0%V) 

si Ox (A+V7)=(AxQ) + (VA0) 

44s) Ox (AtV)=(VXH) +x D) 

Notes: 1) We get from 2) to i) by "flipping" on this " " sign: 
ox(AtV) = (Cx A) + (axv) 


This is justifies by Identity #1. 
2) We get from i) to ii) by "flipping" on this " " sign: 


O x(A+V) = (Ax) + (vx 0) 


This is justified by Identity #1. 
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Remember, in Identity 1) we can substitute any number into the ‘a - 
end any number into tae /\ » so Identity 1) tells us that, in any 
product, we can "flip" the two factors. 

3) We get from ii) to iii) by "flipping" on this "+ " sign: 
mh ae4n ae ae 55 (7x O) 


This is justified by Identity 3), which says that in 


7a 


we may reverse the oxder or the tye terns: 


ASE CEN 


4) In making derivations, it is wise. to look ahead and see 
where we would like to go. I sometimes mark terms that we like with 
a smiling face ©) » and for terms that will need changing, I use 
a frowning face @) ’ 

5) Notice that this derivation is not the only possible 
one. As another correct answer, students might see that the (\ana WA 
terms on the right need to be interchanged, so they might begin this way: 


@ Ox(At+v)=(0 XA) +(0 xv) 
1) OX (A+V) =(Oxv) HDXA) 


(That is, they began by "flipping" on the "-+- " sign: 
px(a +v)=(OxA) ie (xv) 
7) Yes. cf. answer to question 6. ) 
8) By using Identity 1) . 
9) By using Identity 1) . cf. answer to question 6. 
10) By using Identity 3) . cf. answer to question 6. 
11) Yes. 
12) Wayne is right. ef. answer to question 6. 
13) Nancy is right. 
14) Jerry is right. ef. answer to question 6. 
15) He used it correctly. Since [FJ+A=A+Q is an 
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identity, we can substitute any number into the Bi, and any number into 
the Z\. 


That is, Identity 3) tells us that, in any sum, we may reverse 
the order of the two terms. For example: 


Gigi eh =e yer ues 
2/4 Iy= 1h +2 
1Ob b+ 179% = 1958+) 066 
(a+b) + (c+d) = (rd) + @rb) 
(OD +A) +(AX A) =(AXA) + (0 +4) 


Je x) + 5, Ux) = 3,Uax) + Sofax) 


etc, 
List #III 
16) Yes. Identities 1), 2), and 3) Identity 4) . We shall see 
how in the next question. 
17) Yes. 
Notes: 1) It is always legal to begin a derivation with a "trivial" 


identity, such as: 
(a+b) x(c+d) = @+b) x(ctd) 
2) To get from i) to ii) in Charlie's derivation, we 
substitute into Identity #2) : 
O x(A+V) =(0%4) + (xv) 
Put a+b 
Put C —>A 
Put d 3 V 
The result is: 


x Q+V) = (EIx A) + (XG) 
“(a+b) X(c+d ) =\atb)x om eT [(a+b) Xd | 
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3) The next step is a tactical one. We want to break up 
[ (a+b) x cul 
by using Identity 2) again. In order to use Identity 2), we must 
have the common factor on the left. We now move it there. 
[(atb)xc ] = [ex(atb) ] 
This is legal because of Identity 1). 
4) We have now gotten this far: 
111) (a+b) x(c +d) = fe Xlath) | + [a@+b)xd] 
5) We now do the same thing with the term 


[(a+b) xd ] 


This gets us to 
iv) (a+b) x(c+d) = [¢xla+b)] + (dx(a+rb)| 


6) We now use Identity 2) to break up the term 


[c x(4+b) ] as follows: 
Substitute 
(oe 15 
a— >A 
b> V (Ask the class to decide how 


to substitute!) 
The result is: 
ex(arb)=cxa) +Cxh). 
This gets us this far: 
v)(ath) x (c+d) = xu) + (CXb) +|d.x(atb) } 
7) This is a good time to look ahead and see where we are 
going. We are here: 
(ath )x (C44) = (cxa) = (Cxb )+[d xa+b) ] 
and we want to get here? 
(arb) x (ctd) =(@XC) HAXd) + (bxe) +(bxd) 
The left hand side is entirely satisfactory: 
(ath) x (C+d) =(Cxa) +(Cxb) +d x(a tb) } 
The first x terms on the right are close to what we want: 


(Atb)x(ctd) =Cxa) + (cxb) +d x(at+b) ] 
© 


l 


oe ny i) 
a, ae inc A 
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The term ‘Eze! x (a+b) | is not yet satisfactory. 
l@tbyxlctd) = (cxa)te xb) + Ldx(arb)] 


8) We now break up the term [d X(a +b) by substituting into 

Identity 2). Ask the, deci de how to substitute. The answer is: 
d—->O «a43A rev 

We must also "flip" the factors @ and C in the term (c Xa), and 
so on, until finally we get: 

ix) (a+b) x (Ctd) =@xc) Hbxc) +@xd) + xb) 

We must now reverse the a and b in the last product on the right, 
and we must use Identity 3) to rearrange the order of addition: 

(a+b) x(ctd)=G@xe)+(Axd) xlbxe) (hxd ) 

i8) Yes. cf. answer to question #17. 

19) cf. answer to question #17. 


The justifications, marked in, appear as follows: 


L) (ab) x(c+d)= @ +b) xle+d) IBS Spleen eb 


4 ti) (a+b) x\C4 i) = [@ +b) x ¢] + )(arb)x4] trivial identity. 
*| Git) (arb) x(c+d) =[exla+b)] +{@tb)xd ] 
*1Giv) (ath) xX(c+4) =[ex@+b)) +fdx(arb) ] 
#24) (a+b) x(ct4) =Cxad#(cxb) +[ax(atb)] 
M Svi) (B+b) XCC +d) = xc) H{exd) + fd xla eb) ] 
Hf vil) (A+b)x (ctd) =(AXC) Hbxc) + [dx(atb)] 
*2Gviit) (a+b) x (C+d) =(AXO) Hbyxo) + (dxae(d xb 
#1 yy (atb) x(C4d) = (Axo) +(oxc) Hard) +x b) 
#2) (Atb) x(c+d) = (axc) tlaxd) tec) (dx b) 
viGri) (ato) x (+d) ecaxc) Hard) +10 +4 


20) Since the distributive law (or Identity #2 on our present list) 


reads (1x(A+V) =(OXA) +(OxV), 
when Larry sul. titutes, he 


[ere] x AY) = (68) x) + EV) 
aad) = [ova] +o) 


21) Yes, he does. 
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52. 
List #IV 


22) Yes. 1), 2), and 3) imply 4). 

23) Marie is right. We shall work out the derivation in answer 
to question 2h. 

eh) After the preceding problem (List #III), my sixth-grade 
students find this one easy. (Brian did it immediately in his head, 
while Alan ostentatiously yawned!) Here is one possible answer: 

LU) a t(by c) =O + (bxc) ("triviat" identity) 
Li) at (bec) = A+ (Xb) 


Ebi) 0.+( bxc) = (Cxb)+e 


Note: As a matter of fact, Identity 2 was not necessary. Actually, 


Identities 1) and 3) — 2 h). 
You may prefer to present List #IV this way: 


List #IV-A 
et laxe/\ oS X" |e) 
BN OU aN VAN 2S (B) 
3) & +(bxc) =(cxb) +a 


is oh Biase 


Page 101 


SUbSEESL SUT Eseeneer vr caceeenseeees tensa 
Se eee 
REsesseTecseceeEnan’ SP 

Be eae eee. | | 


cote 28 pnb | peels} tT TE 
is dLida bel aes Here 


roe fe ae ; 
Span Pa? (Ne 
See a peels sls mimiaiselctiel pace 
Sm Shine a See 


.2 
lone |"uisubi es shag puget | 


REiaiaie sisi | 
ss oe + a= 


sh ok Re el ener [AE (eee! Hein Pepae po ol Oe ie fe 


16) We arrived at the point IN (compare the preceding answer): This 


is a point of the truth set for the open sentence TX = (4 X L}\+3; as 
we can see by substituting: 


A AGie\ eee 
SRY ye: 
ES =a, CA eS 


ae [4]) +3 


CIA ES 
z = At \ which is tre. 
When we substitute | 7/2] [Ya] Zs into the open sentence UNE [)) +3, 
we get a true statement. Hence, does belong to the truth set 
for the open sentence ae (4xLJ) ee 
17) A good description might be something like this: 
"It doesn't matter what size squares you use. The pattern of a straight- 


line graph still works just the same way. You can use little squares or 
big squares." 
18) Yes, it does. 
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CHAPTER 19 - GENERALIZATIONS 


I didn't have to write this chapter--a fourth grade class "wrote" it 
for me. All I had to do was to write it up after the lesson was over. 
You may not want to use all of these chapters on identities. You 
may also prefer to change the order. 
In our view, the most important thing is to suit the lesson to the 
class. If your group takes off in full pursuit of the idea of generalization, 
like my fourth-graders did, then you may wish to use Chapter 19 before 
you use Chapter 15 or Chapter 16. 


ANSWERS : 
1) We can write y fea} =[_] X » and we can put any number 
in the "___", provided we put this same number in the other" ". But 


this is just what we mean by our usual use of placeholder notation. Hence, 


AxO=OxA 
and if we add this one identity to Ruth's list, we can delete all of the 


special cases 


we can write, 


Shee ikl De, 
Lie xa (ee Tbe: 
oboe a — Wi xelte eC 


because they don't tell us anything new that we don't already know from 
the single identity 


INGO = Ges 


2) See the answer to 1) above. If we add the identity 


Dx(A+V) HO «AHO VY) 


to Jerry's list, then we can delete all of the special cases such as 
Cx(A + 3) =(0x A)H{(0x3) 


3) If the students don't get the answer to question 1), then we 


etc. 


suggest that you dor't tell them or rush them. We simply go on to question 
3), and hope that, oy answering question 3), they will discover how to 
answer question 1). 

Copyright (¢)1960 Robert B. Davis 
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4) If the class discussion comes along well, this question may be 
superfluous. (David, of course, is right.) 

5) Same comment as in 4) above. 

6) Cf. answers 1-5, above. 

7) Cf. answers 1-5, above. 


11) You can insert any number here 


(GR (a ee) 


provided you also insert twice this number here 


{Oo 2b: 


a 


and the product of this number, times itself, here 


= Ey ee 
q 
Using placeholder notation in the usual way, we can write 


COW) x(OxV) = (CxO) +[(axV) xO] + (Vx) 


or, if you prefer, 


(OHV) x(x) (AO) HV) OJ (Wa) 


If we add either of these last two identities to Lucille's list, then 
we can delete all the special cases, corresponding to inserting 3, 5, or 4 


into the We 
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CHAPTER 20 - DERIVATION OF IDENTITIES BY "REPEATED APPLICATIONS" 


This chapter is similar to Chapter 19. 

It can be used immediately after Chapter 14, if desired. In fact, 
for fourth grade groups, we are inclined to recommend this order. 

For many groups you may prefer to omit this chapter. 


ANSWERS ; 

1) By repeated applications of /\+ ps mT AN » we can derive 
each of the identities listed. For example, here is the derivation of the 
last one. 

We begin with a "trivial" identity: 

Ze Serle N/a XS re Ct FN, 
We usually write this on the blackboard with the starting line at the top, 
and the "goal" at the bottom, like this: 


Be ee Pe] TY Notte, Blind 1. Wy 


EOL t- Y = VW/a 7-H t 6 +N 
This greatly helps the students to see where they are going. Moreover, 
it usually looks familiar, sonce many students have seen word problems such 


as this; 
WELL 


TALK 
where the object is to fill in the middle lines with words, allowing only 
one letter change from each line to the next. This "word" problem could be 
solved as follows: 


TALK. 
In the same way, to make up a derivation, we want to get from the top 
line to the bottom line by making one single change at each step: 


+na™ 
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Here is a "solution," with the intermediate steps filled in: 


Ae & SUES se VS ae GA 
sat oe P= 5 PO oP 
Nee let ENV STR A + 9+ V7 


Veo ey +8 Gots VW/as SEIS 4 + ALY 
PS te BS NI GRE NY re A eA 


enol NT Si (el EN a 7S, 
Ge ey my PE Ge A 


ee ee Ole en eee 


iS ce apie Ge WW) NY/eI ee rey 
ES SST A SG NY AV) sec rene 
ES Li Albina Sod oan, Tiare (EISEN 


The point of this derivation is that the identity ’ 
which justifies each individual step in the derivation above, permits us to 


deduce the identity 


[ES re Gr To RE Nes AN 126) d= lan oem yan 


and consequently tle identity A.+5 + +9FV= V+9+OtSta 
may be deleted from Mary's list. 
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2) Jerry is right. Here is the derivation: 


(J+ at hy ae = a (We begin with a "trivial" 


identity. ) 


O+a+V+3 JAR NG eS (Here we used the 


commutative law of addition, 


O+ A=At+L » to reverse the 


order of 2 and : 


Cay ats WAP ses ee Wien ee 
Ora+Vta=a+vt13+0 
iE a anae\ aie ecaae) a tat @N\/ te 
Wereet  N/+3 = 3t A+ V/7t0 
O+ at Vea s3Vrat+ 0 


3) Yes, it is. Of course, there are other ways of filling in the intermediate 


steps which are also correct. 


4) He used the commutative law of addition, to "flip" the J ana i) 
on the symbol [] + 2, ending up with the result —/ ea) s 

5, 6, 7) cf. answer to question l. 

8) We have had great success with this question. We do not mean to 
insist on any special answer at this stage; rather, we just want to get the 
children wondering about this. 
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LESSON FOLLOWING CHAPTEP 20 


You may want to insert a review lesson here. 

As a second possibility, you may prefer to devote this lesson to playing 
the point-set game. In order to give this a fresh "new" look, you can 
change the rules slightly, so as to bring the game closer to the authentic 
Japanese game of "GO". (In particular, you can stop counting connections 
along diagonals, and consider only connections along the horizontal and 
vertical lines. Thus 


the @ at (1, 1) is not considered "connected" to the "breathing space" 

(i. e., unoccupied points) at (0, 0), ( 2, 0), (0, 2), ana (2, 2). Con- 
sequently, under these new rules, the @ at (1, 1) is surrounded and must be 
erased. 

(For information about the authentic rules for "GO", you can write to: 

The American Go Association 
96 Cedar Avenue 
Hackensack, New Jersey 

or else to 
Katagiri Garden City, Inc. 
931 Franklin Avenue 
Garden City, New York ) 

We recommend that you approach the "Go" rules with some care. Our 
modified rules make the game much easier. "Go", played with the authentic 
rules, is a far more interesting game, but it is very much harder, and 
there is some danger of confusing the students. In this situation we suggest 


you use your own discretion. 
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21. NAMES FOR NUMBERS 


The idea of this chapter is to introduce some language that greatly 
simplifies work with identities. Those of you who have studied logic, or 
who are familiar with the Beberman-Illinois-UICSM program, will recognize 
the idea we are using. (An excellent reference is Emer and Rosskopf, Logic 
in Elementary Mathematics, McGraw-Hill.) 

In the first place, we interpret " = " to mean that we are dealing with 
two names for the same number. 

Thus, “2+ Q= ¥Y" will be interpreted to mean that " Bhap oh Me 
is one name for a certain number, and "4" is another name for that same 
number. 

In an identity, we can proceed as in this example: 

DO +@+4=D +(4+3) 
We know these are equal, because " 34 4 " is one name for some number, 


and "4+ 2 " is another name for this same number. 


ee 
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22. THE AXIOMS 


This lesson has an important point--but, as usual, it is better not to 
"drive it home." It is just an idea that we went the students to think about. 

I actually taught this lesson to a 5th grade class in Weston, Connecticut. 
I'll tell you the results as we go through the answers: 


ANSWERS : 


1) Actually, it ought to look pretty much like the list of "Axioms" 
given toward the end of this chapter. 


My class in Weston brought in this list: 


Uxl=U 
Batata 
alent 
DAN 7AN 
Glia) <2 
mo Asvavda 
fel eel TE beer Alen tal 


Ox(A +V)=( OxA)(OxV) 
(0 +A) x(O+ A=(Gx D)+ (At Ax 0] HAxd) 


I told them that this was really a pretty good piece of work that they 


had just done--"after all," I said, "it took mathematicians 200 or 300 years 
to arrive at a similar list." 


"What took them so long?" Mary asked. 

"Well, after e"1.," I said, “you know your list is not quite right. One 
of those i®ntities doesn't belong on the list. Do you know which one it is?” 

During the rest of the perios they worked out a correct derivation of 


the last identity (D x A)+(OXx Sv mal starting from the "trivial" 
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identity 


I was astonished: This is real mathematics. . . 

(This list of axioms, of course, is the usual list of axioms for a 
fleld, except that we have thus far avoided any explicit discussion of the 
associative laws, and we have avoided inverses as much as possible; 

[L] -LJ = O is the only exception. You may be interested in reading 
A Concrete Approach to Abstract Algebra, by W. W. Sawyer, published by 
Freeman, and available in a paperback edition.) 

2) First, we can shorten it by generalization: 

for example, the identities 


srt oo SB: 
4xQ=Ox7 
See leh Xe 


can all be crossed off and replaced by the single identity: 


(SSS TBI ER GWES 


Similarly, the identities 


(+30 +3) (xD) Hee) +9 
( +3)x(O+3)-(x ED )+(bx O)+9 


6 


can all be crossed off and replaced by the single identity: 
(O+Ayx(G +A =(0 x D+[(A+ Ax TC] HAXA) 
Besides generalization, there are various forms of implication. Any 
statement can be crossed off the list if we can make up a derivation for it 
using only the other "axioms", and beginning with a "trivial" statement. 


Thus, ( fae x 3) +(A i) =(5xA) +(34Q)can be crossed off the list. 
It is implied by the identities (J+ A=/\+0) ana OXA=AXU 
as the following derivation shows: 


(Ox3)H(Ax 5) =(0x3)4(A x5) 
(OxDHEL x 5)=(Axs)+(OXx 3) 
(CX3) HA Xs) =(S5XA) +(DA 3) 
(xa He Sx5) = Gx AYE (3 x El) a 
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It may be well to illustrate implication also with some verbal examples: 


for instance, on the list: 


Today is June 20. A student in 

tt? 
Today is my birthday. class made this up!:! 
My birthday is June 20. 


we can cross off any one of the statements, and the other two will imply it. 


3) We answered this under question l. 


Answer to final question: 
The list of "axioms" and "names for numbers" is of fundamental impor- 


tance in mathematics, because from this list we can derive every other 
identity that exists. 


oon aon ere x 


so} boexk etienhe DLS: ot Bigae 
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23. SIGNED NUMBERS 


This lesson is, in a sense, review. 

At this stage, however, my classes are still unreliable in questions of 
the arithmetic of signed numbers. This lesson is intended to help somewhat-- 
though I wouldn't expect the entire class to learn arithmetic for signed 
numbers even by the end of this lesson. There will be more chances in the 
future. 


2h. USING IDENTITIES 


This is an easy lesson, intended to show how identities can be used 
in "ordinary" arithmetic. 

Some teachers prefer to emphasize 

AL 
Bikes, 

as a basis for the quotient of two fractions. 

As you become familiar with the algebraic way of thinking, you may like 
to use identities frequently in your work with arithmetic. 


ANSWERS: 1) Yes 

2) Yes 

3) Yes 

4) Elizabeth is right. Jerry used the left hand side, whereas 
Alan used the right hand side. (Substitute 4 into the LJ, 2 into the A, 
and + into the VV. The result is: 


DAV) =(Ox A)KHOXY) 
HI x(A HY) = (Hx A)HAx Y) 
4X (2th) =(412) +(4X4) 


This side says This side says "multiply 
add before multiplying. first, then add." 


10) Yes. This is another identity that you can use in studying 
arithmetic. 
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25. OPEN SENTENCES AND SIGNED NUMBERS 


In this lesson, the emphasis is on discovery. 
ANSWERS; 
1g) Fi as Qa 
Cie XS se 
Se es 
ua nea E 
5) {7 as 
6) 975, “34 Note: It is easier to look first for factors of 
-/5 , and then to select the pair which will add to yield f*. : 
sey Qe ns 
TAD (gh 3 en oes 
7) The factors of ~/0 include: */,/, *2, 2,79, 5, 1/4, 76 
Which pair will add to give us *3 ? 


Alig eo Leen O cs peat VSG 
Hence, the truth set is os 

8) 57,23 
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CHAPTER 26 - GRAPHS 


This is a short chapter (it usually takes us about 15 minutes, but it 
sometimes takes longer), and one which our students usually enjoy. 

The chapter is in two parts. 

In part I (Questions 1-12) the idea is this: 

To mark the truth set of the equation A= (2X QO) +/ ona graph, we 
must begin by locating one point by means of computing: 


WE Aa 
IS SIORGeyE | 


Then we compute | 2x = a; 2 het ae bar gg a] I, and find 


EO Seu Maes 


that we need a "5" in the /\, in order to make a true statement. 


We would mark [2], AX on a graph here: 


put some number here--say, perhaps, 2 


Now we come to the important part:: 
To find another point, we could also compute: 


For example, put 3 in the [7] , and compute: 
N= (AXABD+! 
N We need a "7" in the ies 4 
However--IT IS NOT NECESSARY TO COMPUTE AFTER YOU HAVE FOUND SOME FIRST 
POINT. 
Instead of "computing". we can use the secret pattern: 
aay (SUI a 
/~— Since this number is a "2", we can start from our 


first point, count cver 1 square to the right, and count 2 squares up: 


ae i 


x ou 

A ee 

ea, 
a 
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and then count 


up 2 squares; 
& 


: i) 


e— 


Pajeteiaia BRORAS 


Count one square to the right: oy 


In this way you locate a second point: 


Remarks (Mathematical): 
1) We could also describe this pattern by saying that the points lie 


on a straight line: 


2) Of course, the pattern works also to the left, as well as to the 
right, but when we count one square to the left, we then count two squares 


gown: VAN 
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3) The number here: BS aie Lh) ut / 
is 


determines the "secret pattern”. 


For example, in this equation =( ) 
EIEN Poke 
the pattern would be: "l square to the right, and seven squares up”. 


A\=(7x ())+ x 


does not have any effect on the "secret pattern", 


4) The number here: 


5) Of course, this "secret pattern” is studied in algebra and calculus} 
the technical name for it is "slope". 
6) An equation must be of this form: 


A=(—* Osh ee 


Some. number heve Some num bev (nat necessarily 
the Saucy heve, 


in order to have the "secret pattern" work. 
The secret pattern will work for these equations 


EEVESA EPS 
Ay) oe 
A =laxt) +5 


ISIS ayes 


(ES = eel 
i, 


Notice that this is the same as: 


NEES 


The "secret pattern" will not work for these equations (at least, not 


unless you exercize some ingenuity and change things around a bit): 
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Gere. 
Lal dynes 45 shed bal 


7X ole el 


(This is explained fully, under the heading "slope of linear equations," 
in almost any good text on algebra or calculus.) 


} 


Pedagogical Remarks: 


1) How are students supposed to learn this "secret pattern"? 

We do not tell them: 

They discover it from experience with graphs. Until they discover this 
pattern, they must compute each point by substituting into the open sentence; 
after they discover this "secret pattern", they need to substitute and compute 
for only one point--they can locate all the other points by using the 
"secret pattern." 

2) You may have to keep pushing--some students are content to substitute 
and compute. You have to keep asking them if they have discovered a "secret 
pattern”, so that they can find points without substituting and computing. 

Questions 13-18 form Part II of this chapter. 

Here, we make another effort at getting students to recognize this 
"secret pattern" and to use it. We give them a graph (i.e., a picture of 
the truth set), and ask them to write the equation. In general, they 
cannot do this without using the idea of the slope. 


ANSWERS: 
1) Yes 
2) Yes 


3) Yes. "over one (to the right), and up two.” 

4) No. The point should be one line above where he put it. Don't 
tell the students that, though: It's their job to discover the pattern. 

5) No. Nancy's point is "over one (to the right), and up one” from 
the preceding point. This is not the correct pattern. She should have put 
the point "over one (to the right) and up two." 

6) Yes. (Or, at least, his point is in the right place!) 

yee (3 


px 


cad ¢ er a “e 


(ia 


Ltt) 


reel 


Qaier ‘0st 


Z, paener go 
DAG 


Page 69 


8) Yes. 
9) Yes 
10) The correct pattern is "over one (to the right) and up three"--or, 
equivalently, "over one to the left, and down three." Here are some 
correct points: 


11) Yes. 
12) The correct pattern is "over one (to the right) and up five." 


Here are some correct points: 


Sierra 
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13) We get the answer by several steps: 

lst, the pattern is evidently "over one (to the right) and up two". 

Therefore, the equation must be 

A = (2x (1) + wl ay 

where we do not yet know whether to use the + or— , and we do not yet know 
what number toes in the spot marked 7? . 

Now: guess some number for the 2? spot. Suppose we try 2. 

Then the equation would be vet = (2x eyes 
But the points from this equation fall below those on the graph. 


Consequently, we increase our guess, and try 


A =(2x0)+3 
This works: 


uy) A =(3xD)+/ 
Ley —( 5x (el) +2 
16) A= 0+3 

Le N67 (2) eae 
18) A =(2x D)+2 
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27- EQUATIONS 


This is a good chance to check up on your pace. 

We feel that a too-slow pace defeats itself. As I have said earlier, 
we prefer the "light touch" and the brisk pace. 

This really does work, and I hope you will try it. 

This chapter--Section 27 on "Equivalent Equations" and "Transform 
Operations"--is, for us, one single 45 minute lesson. 

That really is all the time it takes. 

(I might add that this lesson usually works very nicely. I have 
taught it with gratifying results to fourth graders, fifth graders, sixth 
graders, and eighth graders--in every case, allowing a single 45 or 50 
minute period. 

Of course, like anything else in teaching, it isn't guaranteed. The 
one time it really fell flat was with a sixth grade class, just before 
Christmas, when a representative of the Wall Street Journal was observing 
the lesson! 

That, I suppose, is life. . .) 

Outline: We do three things in this lesson: 

i) We use two observations to permit us to solve equations 

such as 3+(//X [\) = 29, 

ii) We study transform operations. 
iii) We use transform operations to "solve" linear equations. 

This will be explained in detail in the next few pages. 
Answers: 

Questions 1-18 correspond to the first objective listed above. 


js 422 (This is just to remind the class of what an equation is 
like.) 
2. It must be a fraction, because we find (by substituting) that 2 is 
ate 
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3 is too large: 


Hence, the answer must be a fraction between 2 and 3. 
3- Of course, what we have written in answer to Question 2 does 


prove it. 
Pedagogical suggestion: 

We ask this question ("Can you prove it?"). While the students are 
eagerly trying to explain a proof, we turn half-way to the blackboard 
and begin to write: 

too small too large 


At this stage we get clear statements from the class that 2 is too 
small, so we add it to our list on the blackboard: 
too small too large 
2 


When someone in the class insistently informs us that 3 is too large, 
we enter it on our blackboard list. 
too small too large 
2 3 


With this much help, the class can explain why the answer must be a 


fraction--namely, because it's between 2 and 3. 


4. The point of this question is to introduce the so-called 


"number-line picture": THH-H- oy i ae ; 
1p. 
_ 3 


et 
The answer, of course, must lie eS . 


5. The point of this question is to goad the children into observing 
that the denominator of the fraction must be 11. That is, the only possibilities 
Gregson sic 12/11, Pees) Ll ee W/ leon) de Gil eo, 1/1, 210/11, 29/11, 
2 10/11. Of course, only one of these actually works, and in a moment we shall 


in. a oe 


£ bite 3 apsuren SOtroe page 
“Side ote hE anaes 


acral Obs 


ae iinai’d ade oo 9am aie 


suas Os 


= ee e4 wi 2 nets PPS ae 
17 ta OO 
— ithe 4 : - oa . a a . 
Bot shunt saree OF EY Se 
rey he 


Sons a 


malgiiidtaeng yim, nd), «B daa Er ati 
vidve 2. £008 § ahee fees tae 
tiada ene drome» Ah ite ia Lorton 


Page 73 


find which one that is. 
The reason that 2} cannot work is that 11 x 24 will be a fraction. 
Hence 3 + ( 11 x 23 ) will be a fraction. 
Hence 3+ ( 11 x|25}) cannot equal 28. 


6. (112 x (|) must be a whole number, 
since 


3+ |UIxXD) ] = avy, 


If we add a fraction to 3, the result will also be a fraction, so it 
cannot equal the whole number 28. 


7. (Cf. the answers to questions 5 and 6.) The denominator must be ll. 
(That is, 11 x 2 5/11, for example, will be a whole number, whereas--for example, 
Le xi2e1/3 
would not be a whole number.) 


8. Marie, of course, is right. 

9. The point of this question is to extend the "number-line picture" 
so that it shows that the only possible answers are 21/11, 2 2/11, 2 3/11, 
By/ir, 2°5/11, 2 6/11, 27 jill, 20/i ero/l., and:2 10/1l. “We still 
don't know which one of these actually works. 

We do not want to be in a hurry, here, to get the answer: It is this 
method of analyzing the problem that is the important thing... ! 


10. We substitute in order to decide: 


3+( 1x0) =28 

34( 1X AH)= av 

fe ol Gee op eas (Note that we used the 
distributive law | | 
Ox(v+A) =(0xV) +044) 
in order to multiply quickly.) 

> als b Lene 

eae False--and we see that 2 9/11 


is too large: 
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ll. Bill's picture should now look like this: 
tart 7) prrrrr77t 
et 


a 3) 
(I. e., we now know that 2 9/11 is too large.) 


12. Several possible anssers. In any event, the interval of 


"prospective candidates" will be narrowed by shrinking from the left. 


13. Similar to 11 and 12. 
13. Suppose, for example, that a student in your class found that 


2 2/11.is toc small. The picture would then look like this: 


HTT rir 


Pama 3 
The final answer must lie somewhere in here. 


If a student tries 2 5/11, he will find that it is too large. 
Bill's picture should now be extended to look like this 


OE s 
This picture shows that the actual answer must eicher be 2 3/11 or 
(21/11, and 2 2/11 have been excluded as "too small," and 


a u/il. 
25/11, 2 6/11, etc., have been excluded because they are "too large.") 


The actual answer is 2 3/11, as we can find by substituting: 
34x F)=2¥ 
s+(l1 [an] )=2? 
sicdicancte Ses Olas 

aad 0 DY True!! 


So the truth set is: Ss 2 4 =) 
/) 


Questions 15-18. For each of these, we use the same procedure as we did with 


3+(IXO)=2%, 


For example, “n problem 15, we first ask the class: 
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"Without finding the answer, can you tell me anything about it?" 
Yes, it must be a fraction, 
with denominator 13, between 1 and 2. 


We now draw this picture on the board: 


TTTTT A Ns 
+ Itt fae Sees 
/ 


We now try a few guesses. (hoping that we won't hit the answer too soon, 
since it is the process that we want to study). 

Suppose a student guesses 1 6/13. (This is a good lst guess, since 
it divides the interval approximately in half. We usually compare this 
to the questions asked by the panel on "What's My Line?". A question 
like "Do you work indoors rather than outdoors?" gives far more information 
that a question like "Do you rustle long-horn steers on a medium-sized 
ranch in Utah?” The answer to this second question is very likely to be 
"No," and you have learned very little.) 

By substituting, we find: 


sf (3x0) =2az7 


5+(13x|!Zal) = 29 
Sto te) es 
SIE, NES PE ES, 


Qala False, and we see that 1 6/13 


is too small} 
The picture now looks like this: 


| = 
The final answer turns out to be 1 11/13. 
This completes the first part of the day's lesson. 
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Questions 19-53 form the second part of the lesson. Here the objective 
is to get the chilaren to find specific examples of “equivalent equations", 
and to generalize fram these specific examples and hence to arrive at the 
5 basic transform operations, which are: 

1) You may add the same number to each side of an equation. 

2) You may subtract the same number from each side of an equation. 

3) You may use an identity (for example, the identity A +[]-Ot/A). 

4) You may multiply both sides of an equation by the same number. 

5) You may divide both sides of an equation by the same number. 


We do not tell these laws to the students--we try to get the children 
to tell us the laws. 


Incidentally, an important further purpose of this section is to give 
the class some understanding of the right way to use these laws. For 
example, if we go from 

A HAAR eae | 
to f+ ( A 4a) ees ? 
we have not proceeded correctly, and the two equations shown are not 


"equivalent". 


Samething to beware: some of the children may try to use the word 
"equivalent" in its ordinary everyday sense. This is never permissible 
in mathematics. "Equivalent," as we use it here, is a technical term, and 
we say that two equations are "equivalent" if they have the same truth set-- 
this is the only meaning that is allowed. (If you have studied "work" in 
physics, or "energy" in chemistry, or the "gainfully employed" in economics, 
or "radicals" in mathematics, you are femiliar with this problem. The | 


technical meanings of these words are not the same as their everyday meanings. ) 
Answers: 


19. Yes, because each has the truth get 5 3¢ - Since their truth sets 
are the same, they *“e equivalent. 
20. Yes, since each has the truth set 34¢ « (The point of this 
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question, or course, is to suggest to students the possibility of adding the 
same number to each side of the equation. We hope the suggestion if not. too 
blatantly obvious.) 

You may prefer to omit questions 21-53, and to replace them with a 
"continuing list" of your ow on the blackboard. 

Personally, I recommend that you use your own "continuing list", and 
that you name the methods after the students in your own class who first 
use them successfully. 
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28. "THINK OF A NUMBER” 


The object of this lesson is to provide experience in using placeholders. 
All of our subsequent work with word problems will depend mainly upon 
the children feeling natural and at ease in using the placeholder to 
"hold a place" for same unknown number. 

At the start of this lesson (which takes us about 50 minutes), we 
allocate one minute or less to questions 1 and 2, in order to provide 
the children with a gentle reminder that we have studied products of signed 


numbers. 


Answers: 
10) Tee es aE 
CP hy le iy a 


(Personally, we run through questions 1-7 briskly, so that children 
are not tempted to linger. We don't encourage them to ask us questions: 
we ask the questions, they figure out the answers. Of course, we try to 
keep the tone of our class warm, friendly, encouraging, and moderately 
permissive--but, at this point, we are not eager to discuss the arithmetic 
of signed numbers, or the solution of quadratic equations--we are eager 
to "get on with the game. . ." We want the children also, to be eager to 
"get on with the game..." This is fun!! 

When our students have been interviewed, they have indicated that they 
enjoy the brisk pace of our classes, and the feeling that you have to stay 
on your toes all the time. . .) 


Questions 3-7 are, similarly, a gentle reminder that we have studied 
equations of this type. 

At this point--for the first time in the course-ewe mention in a casual 
and matter-of-fact way (we are all co-conspirators in having discovered this 
@ long time ago in the distant past) that the product of the numbers in the 
truth set must be this number 


(QxD)-(xD) nf cat) 


PEMeb Tessie sate et soit) ter shiverg <a 
eporgs “e Der twat Sissies 1 Lone Sung Lose Say, 
id seh indenaly eid giiey cA 


ear A Pes hm OS soede au eee pe oa 
ahivods. oo -sbro. ct 6S Dee f sive ge 


Bamie to stoxhor; belie svt FY jmiz Taito gee i 


aesG iio dad7 on yitels J+ sho iheome pages’ a a a j snd 
{BO IRI.) Ae dus od sede sgerircome + Be ey uh oie 
OF “Git Sy , a6 cine 0 wrewitie. aie #70 aaa 
Yietezehou dite . asi. Gesooee hoskek ara 5 
Kbtemtetas ett aeisetly.os ‘seges Fon, Sta ow ate pi te 
giles Sta: oben taps 9 oabeup Th SOMEAee a 20 ye 
oe Genes sd od cts seth io oh see a ie 1 aig, xa 
¢ | Pee ee io a ‘ ry 
» fatesibar svat yo’ . Seve estat ‘send oved « ow 
svad soy Salt galilest soc Sie ecnnate Ty Sa ae 
os, 7 


yest & 
yates og 


iraibute ‘eves 4 7 fai? <ebhhest sity a 


kaghen 2 ok so linse viens a onaat 
hits herwrrdnntd ythved 6. exomatetganno~ ote RE 
Se ak wade se se ita (Oa 


Page 79 


and the sum of the numbers in the truth set must be this number 
(=r an) =iGee dill) ate =O 


The truth set, therefore, must be ie 3f. You may wish to substitute 2 
in (mainly so that the children will remember that gubstituting is the 
fundamental "last-word" test). 


Answers: . 
| Ada=5e 
¥) sans AK He eas 
; eo HSS her 
SY2ASl iaxseee 
IES = 20 


(Note that it is easier to consider factors of 96 first, and then try 
to pick out two factors that will add to give 20.) 
6) The factors of ~15 include th af, sey 3, os iy ay ey 
Which pair will add to give us 4) ? Evidently, 
pace thes VAG: 
SHB =7A 
Hence, the truth set is ce ent se Ce TD 
7) The factors of -{ include: a /, 2) A) 3; 2); aes: 
Which pair will add to give —/ % Evidently, 
aK ie) eae 
etd it | 
Hence, the truth set is a2. % g 


Now we start the game! 


I suggest you do not refer to questions 8-15 during the class period. 
They are included to give you same idea of how the game goes, and to give 
the children sane reference material that they can read after class, in case 
they forget how the game worked, and are curious about it. 

Personally, I would not assign this material. 

This is just a game that we play during class. 


This is just funt 
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In teaching this lesson to fourth or fifth graders, I proceed this 
way: 


I say: I write on the board: 
Jimmy, think of a number. . . # 
. « .Now miltiply it by itself. .. #x# 


+ e « Now subtract twice the original 

number (this may call for some 

discussion. . .] ie? aot ae 
eee OW A005 «s « seis, 

- » eAll right, now tell me the 

final result... 

Jimmy says "13" I write 13 


The blackboard now looks like this: 


13 
Now we come to the next stage} 
But, before we look at this "next stage”, let me show you what Jimmy 


has presumable written on his paper. (Naturally, I have not seen Jimny's 
paper--nor have the other students. ) 


When I said Jimmy presumably wrote: 
Jimmy, think of a number. . . 4 
+ « » Now multiply it by itself... xh = 16 


- « « Now subtract twice the original 
number [if necessary explain this oxhe 8 
more fully | 16-8=2=8 


« e e Now add 5... 8+ 5=13 
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Now let's look at the next step in the class activity--we coax one of 


the students into writing a suitable open sentence. 
Me: "O. K. ~- Who wants to write the equation. . .?" 
Somebody usually eager to come to the board 
and try it -- even though he probably doesn't know 
yet just what he's supposed to do -- but he wants 


to get in on the "game". . . 


Me: (1 intend to try to help steer him in the right direction.] "Let's 
see -- you don't know the number that Jimmy thought of, so you can represent 
sna} et) al Meee 
Perhaps the student can now start writing: 
CE) xD (Qe t oy = 12 


This, of course, is the right answer. 


We now come to the third stage -- rewriting the equation in "standard 
form": 
Our method for solving quadratic equations won't work on the equation 
(Oxd)- (2x0) in ea hey 
until we get a zero on the right hand side: 
= O. 


How can we do this? 
That's easy, subtract 13 from each side of the equation. I do that 


like this: 


I say: I write: 
All right, we can subtract 13 from each 
side of the equation. What will we have 
on the right? 
(Student says "0" | 
= 0 
« e « and on the left we have. . . 
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I say: I write: 


+ e e now, let's see, we made $5, 
and we lost $13... 
[Student says " “8 "] 
(OxD)-Q@xO)+ ¥=0 
Now--the fourth stage: we find the truth set: 
The factors of “8 include: we ote m3 2) ae ais Ne AG 
Which pair will add to give us *2? 
+ pes, 
That's easy: 7X ~A=8 
tally tae thy“. 
So the truth set is nea 
1°4, 2g 


At this point, I usually say this to my fourth or fifth graders: 
Me; "Well, that's as far as we can go with mathematics. Now we have to 
use psychology to guess whether Jimmy though of*/or”~ 2. Which do you 
think Jimmy used, wig ) Or may. 

Class: "Positive four" 

Me; "Jimmy, what number did you use?" 

Jimny: "Positive four." 


I enjoy this lesson -- so does the class .. . 
I hope you will also!: 


tenia I 


sien dir ait DOE se epee ee 
ar ’ \” :eSctoet 6 to sama 
3” ay wily oo Sie See 


a iw ¢ t oon er 
Beat . 


jamie UII te Mert ye or eo oo (fume ¥ \fabod ane 
Oo Stat Sy WON «antiatoiyan to) on aso ov a9 THE ee SR 
tere Gb dais NS Quods youll, veddestw ined ats 
“any ov ivines 
‘Teey oor DtS tedewa tate (a 
‘erat orks Lah 


e * @48@15 “4 @60)i) Ca —« aoeeat eS | 
Honta Lin dem 


- a 
. 
2 i « ne 
i 
Sy fis ee 
fj ; 
a 
waar? | 
- P 4 - eS 
TT) 
f ; : a 
i mee 4 : 
‘ } j z is 
he 
a) e 
: “ 
; 7 
At 
A 
al A Aw 
hat 
j ees 
by. ay 
at? wy 


Page 83 


NOTE ON AVOIDING EXPOSITION 


In our classes we usually make a great effort (unnoticed, we hope, 
by the stu dents) at avoiding exposition. It is all too easy to fall 
into the "trap" of "explaining something," or telling students. 

There are two ways one can fall into this trap: 

The students can commit a series of errors that entice you into 
"setting them straight," or a student can ask a direct question. 

We feel this matter is important enough that we have inserted this 
note, based on observations of our own elasses. You may not wish to follow 
our procedure, but, in:case you do, we want to explain it as clearly 
@s possible. 

First, there are two likely misunderstandings of the Madison Project 
procedure . 

1) We use far less exposition -=- and far more student discovery -- 
then most teachers are willing to believe is possible. In most non- 
Project classes that we have observed, there is a very large amount of 
direct exposition; the teacher will tell the students some rule about 
how to use parentheses, or how to add signed mumbers, or how to solve 
linear equations, etc. Nearly all of this sort of exposition is eliminated 
from most Project classes. 

Now -- as Max Beberman has remarked <-- what do we lose if we do not 
tell these rules to the students? Virtually nothing! The rules are so 
complicated when expressed in verbal terms, that any student who can 
understand and use the rules, could equally well add signed numbers 
without the rules. 

Perhaps the real point is that verbal rules are unnatural in mathe- 
matics == those who are adept at mathematics operate, not by following 
memorized rules, but rather by relying on armneverbal familiarity and 
understanding. How do you go from the dining roem to the kitchen in your 
owm home? You do not follow a memorized rule: "1) Stand up. 2) Face 
door to foyer. 3) Walk to door. 4) Enter foyer. 5) Walk to kitchen 
door. 6) Enter kitchen door. 7) Once in kitchen, procede as appropriate.” 


Copyright 1960 @ _ Robert B. Davis 
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I doubt that vhere is a single reader of these notes who would use 
this meshod of going from one room to another in his own home. (Possibly 
a olind verson might do so, and this simile is very revealing: if you 
less Yemiliarity, you may be forced to rely on rules. But if you are 
fomiliar with the matter in question, you would never once be tempted to 
resort tc the procedure of following verbal rules.) 


What is even more important, there is probably not a single reader 


of these notes who would ever use this method of teaching someone else te 


go scam cme room to another (unless, again, we were teaching a blind per- 


Wne+ would we do? We'd say: "Oh, by the way, the kitchen is over 
herve «” 

That is to say, we'd show them. 

I'd like to relate an incident from one of my own classes: 

I was trying to get the class to discover the "legal" transform 
Querasions on linear equations. So far so good -- they knew clearly which 
operas.ous were "legal" and which were not. They called them "Brian's 


method,” "Paul's method," eta, after the students in the class who intro- 


euced each method. 
on example, going from 
Sere lea on 
to the exsuivalent equation 


{et Linea 
wes "Paul's method,” and going from 
Smee exe) Jeo 7s 
to the "equivalent" equation 
ye ie (esebolel yy jeatamh 
was "Brien's method".) 
Now -=- at this stage I wanted to get them to describe these rules 
verbally. As a pedagogical device in stating the question, I said: 
Mes: "Now, suppose someone came into the class here, and you wanted 
So explain sto him what these transform operations are, what would you say?" 
I was hoping for answers like: "Well, you can add the same number 


+0 both sides of an equation.” I did finally get these answers. 
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But the first answer I got (from an attractive, blonde girl named 
Susan) was both unexpected and very gratifying: 

Susan: "Why, I'd show him.” 

Secretly, I agreed this would be much the wisest thing to do. In 
fact, I told Susan I thought it"was a good idea, but what I wanted was some 
way to tell this newcomer what the legal transform operations were." 

The students, who already knew what the transform operations were 
(because they had seen them and used them), were now able to describe 
them correctly in words. 

But how far would you get describing a cat to someone who had never 
Seen a cat? 

The first misconception about Project classes, then, is to assume 
that we really "explain things pretty much the usual way." We do not. 

In fact, we do not explain things at all. Well == as Gilbert and 
Sullivan put it -- "hardly ever .. 0" 

2) .. » and that brings us to the second misconception. Project 
classes are not 100% "non-directive” or lacking in leadership. 

We always try to do what is most appropriate at that moment, and 
this sometimes -~ but rarely$ -- involves "telling the students” scmething 
or other. 

We do sometimes "tell them" <= but very rarely, anc when we do, the 
way in which we do it is probably very important. We do not ever "teli" 
them anything dogmatically, or authoritatively, nor do we emphasize what 
we are "telling” them. 

Rather, when we do take the lead in verbalizing something, we say 
it casually, as something of an aside, in a tone that implies this is 
something familiar that we have all known for a long time o o o 

e o e sort of a man-to-man statement of @ trite remark that we make 
(with apologies for its triteness) only to insure effective commmnication . © 

In a sense, we "plant" the remark in the discussion. Later on, when 
a student finally achieves understanding, we hope he will think he discovered 
the idea for himself. 

The second misunderstanding, then, would be to think that we never 
direct the students, and never supply a verbalization. We do == but 
casually, and without emphasis! 
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(Students have remarked that one reason they enjoy Project classes 
is that you must always stay on your toes; you cannot miss something and 
expecs that the teacher will always repeat it, anyhow. Actually, they 
are wrong -= we repeat things frequently, but it is gratifying to find 
that the students think that we ave always going on to something new and 
exciting.) 

So much for the misconceptions. 

Now == how do we avoid exposition? 

Well, we have said earlier that there are two traps. Let's consider 
the first, where student errors make you want to tell them what they ought 
so be doings 

An incident from a Project demonstration class at Chappaqua, New 
York, helps to illustrate how one can sometimes avoid exposition. 

Prior to any systematic discussions of signed numbers, we were working 
with quadratic equations, such as 

(ilixer >= ( 8xD) +15 253 0% 

In the course of substituting 4 into this "open sentence," we 
encovntered this: 

(hxh)-( 8x4 )p15 20 True, or false? 
16 - 32 +1520 True, or false? 

We wished to focus attention on the sum and product rules for 
quodresic equations, so we did not want to make a production out of the 
probvlen of adding 

16 - 324152 ? 

Consequently, we suggested -=- in an off-hand way -=- that a good method 
would be to imagine that we are operating a store. 

Now, did 

16 
meen a profit of $16, or a loss of $162 

"A loss of $16," the class assured us. 

[This was a demonstration class, with the Superintendent, several 
principals, and a number of Chappaqua's excellent teachers observing. 

We were taken somewhat abackt | 
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But if you really want the kids to discover things, you've got to 
give them leeway to make mistakes, without hovering over them like an 
authoritarian oracle ... 

° « e SO we went on: 

"Now, how about this? 

- 30 
Is this a loss of $32, or a gain of $322" 

Class: "A gain of $32." 

[ Well, at least they were consistent. In fact, their logic here was 
impeccable, even if their convention was somewhat unorthodox! ] 

Teacher: "Now, how about this" 

Teh ca Pa De Aaah Lh 
Is this a loss of $15, or a gain of $157 

Class: ['sti12 being consistent / "A loss of $15." 

Here was the trap! 

Would we respond to the temptation to tell them -- however gently -- 
thet what they were doing was all right, but that people usually used 
a convertion that "4" meant "a gain," and "= " meant a loss? 

We made a last ditch fight to avoid exposition. 

Teacher: "Now, let's see. Suppose I have 10 - 8. Would that be 
$13 made and $8 Lost, or $10 lost and $8 made? 

Class: "Oh, that would be $10 made and $8 lost." 

MURRAY! Our last-ditch battle ended victoriously. At this point the 
class went back and reversed their interpretation of 

16 - 32+15=7, 
using now the standard convention that we make $16 and $15, for total 
gain of $31, and we lost $32, so that was a poor day for business. When 
all wes said and done, we were $1 poOrer than when we opened shop on that 


morning. 


Would it have done any harm to tell the class? No, of course not; 
but this was one tree in the forest. We want the over-all class atmosphere 
to be one where the teacher asks, and the students think and answer and 


have fun doing it. If you want an oak forest, you must plant oak trees. 
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If we want the over-all class atmosphere to be one where the teacher asks, 
and the students answer, then we had best make this the form of each 
little item that comes up -- at least, in so far as seems wise. 

This brings us to the second trap. Sometimes the teacher is tempted 
into exposition because a student asks a question. 

We do sometimes answer such questions -- but usually in an apologetic 
tone that implies that what we are saying is trite and familiar (much as 
if we had said that "the winter in Syracuse, of course, tends to be cold"). 

But we do not usually answer such questions! 

If a student says he doesn't understand the rules of the matrix game, 
we usually say, in a reassuring tone of voice, "Well, wait a minute and 
see if you don't catch on.” 

We use this kind of answer if we feel that a child needs a little 
reassurance. 

Sometimes, however, we feel that a child wants to "hand us the 
problem," and stop thinking about it himself. When a child asks this 
kind of question (say, for example: "Should I add or subtract?") we would 
respond by saying: "That's your problem." (The class accepts this in a 
spirit of good humor -- in fact, they find it fun!) 

Teachers often ask us: "What do you do when a child asks ? 

We usually tell the teacher (quite truthfully) that that particular 
question never arises in Project classes. 

Why not? 

Actually, we wish we kmew! However, we conjecture that the answer 
is that we maintain an atmosphere where students are supposed to think 
things through for themselves, that we maintain an atmosphere that respects 
intellectual curiosity and "guessing" and trial-and-error, that there is 
no unpleasant feeling associated with "a good idea, but it didn't work,” 
and that we always try for careful readiness-building: 

by the time a student sees 

git (ey = \ 
he has already become familiar with 


3+D= 
gar ean) Sy. 


and 


and so on. 
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Speaking personally, I always enjoy working with elementary school 
children on this material. Their creative discoveries are just as exciting 
as if we were working on the frontiers of science, looking for a cure for 
cancer, or trying to send a man to the moon, or something like that. 

As far as the children are concerned, we are working on the frontiers 
of knowledge. 

They enjoy it, and so do I. 

I hope that you and your classes will, also... 
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Where Do We Go Fran Here? 


This year (1959-60) I am teaching this material to classes in various 
grades (in fact, grades 3, 4, 5, 6, and 8). We have been doing approximately 
the same things in each class, except for the third grade class. 

At the time of this writing (January 9, 1960), I have felt the need 
to pause and think about the future. What should we do with each class 
in the next few months? 

For whatever it may be worth to others, I present here my analysis 
of what I want to do with my classes in the weeks ahead: 

1) I would like to get at least same of these classes familiar with 
the use of letters in formulas, such as 

D=z [AG — SRA | - 

2) I want them to became more familiar with the use of "transform 
operations" in solving equations. 

3) I want them to develop more skill in the use of algebraic identities. 

4) I want them to get a deeper understanding of the algebraic structure 
of arithmetic. 

5) I want to work on “word problems” leading to equations or in- 
equalities. 

6) I want them to became more secure in the arithmetic of signed numbers. 

7) I want more practice in graphing the truth sets of open sentences. 

8) I want to introduce some work in geometry. 

9) If I feel we have made some secure progress in the areas listed 
above, then I should like to introduce a few assorted mathematical ideas, 
such as Euler-Venn diagrams, probability, ar possibly more work on logic. 
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29. GRAPHS 


In most of my own classes, at this point, I want a "change of pace" -- 
hence, I switch from algebraic prcblems like “Derivations” and "Equations", 
and begin working for the next few weeks with same co-ordinate geometry. 

If you do not wish to turn away from equations just yet, then -- 
instead of using this lesson--after lesson 28 skip to lesson 37 (Finding 
Truth Sets.) With a few of my classes I prefer to do this. 


ANSWERS ; 
1) For the open sentence P= ie X 1) aU) 


Here is ome answer: 


Table for truth set. 


2) 


Is 
sesansaarsesaael 


Graph of Truth Set 
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3) The pattern is "over one to the right, and up three”. 
4) You can do this, of course, by using the pattern just mentioned. 


‘For example, if we have the graph 


3 i z 


2 
BEALE 
GERYUEOS 


we can start at our highest point (2, 8) and count "over one, up three," 
to get: 

AN The pomt qdes heve, 
| at (3,1!) ; 


exe tie and vp three @ 


y i 
Mover one. Es 
4/ 


4 


LA Sel ~%e 


5) This can be done by looking at the graph, and observing the pattern 
of the points. It is clear from looking at this pattern, that the point 


[) XN should go here: 
) 


nea 3} NX 


mi 


Oo 1avo" af sietter att” 


it ob ad LOY ‘ 


e 
‘ 
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Consequently, we see from the graph that the ? in the Z\ is, in fact, 
34. I. e., the point is (4, 34). 
We did not do any arithmetic to find this point. 


If, however, we 
now wish to check up on our accuracy by substituting into the open sentence 


A =(3x0) +a, 
we find: 


2 V>. | 
In 


is a true statement, so ( 3, 34) does belong in the truth set. 


6) We have just answered this question, in our discussion of question 5. 


7) By looking at the pattern in the geometry, we see that the point 
should go here: 


We can now read the co-ordinates from the graph; 
is [\%] Ls 


evidently, the point 
8) 6f = 


(3 x13)+ 2 


is a true statement. 


9) By looking at the pattern of the geometry, we see that the point 
must belong here: 
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at a ar w mere ad >| ‘eid a 4 
: fated eidt Beit o¢ otteenitPre you ob Gum ein 
~} agitedl¢adys <é vos, two O-q abete oF ae 
a : xt c \ me A 
wv , Fea 
:} ; “ 
Oh mee 
Y ~ 
e* , Ro DOW 
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| 
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ROT ESOS GES oeoee 
HOG 4SROeGoeeeeseoA 
BScOTGsR eee eee 
BERRRGCUCREREREERES 


we can read off its 


? 


‘ 


the pont 
A 


coordinates, namely Rs 


Now that we have marked the point on the graph 
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ul 
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hey a : ne Pa vo Me. rae ett itt 
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a 
a 


RS 2 |S) so) ele ere 
BUGEVReaR 


11) As we fill in all these functional points, the graph comes to look 


=P 
TT ee 


like a straight line: 


Page 96 


Em US Be ee 


13) The "pattern" is "over one to the right, and up four." 
14) No. Jerry is wrong. The pattern is"over one to the right, and 
Mp cours” 


15) and 16) Similar to earlier questions, with JES ry (3 xC]) Tfohe 
17) 


esate fo es | metas 
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30. A DISCOVERY BY PETER 


Answers: 
1) The table is correct. (Of course, other number pairs could be used that 


would also be correct. The only requirement is that the numbers, when 


IS 2A SDB ESy 


should produce a true statement.) 


substituted into the equation 


2) Yes, it is. Of course, many other correct points could be added. 

3) Debbie is right. 

4) Yes. 

5) Yes. If we start at [o] A\ ana use Debbie's pattern, we arrive at 


all Ady: 4 


Heve is the pomt nA, 


| noap 
7 aaa eae tose belong to the 
Lf yuth set, 
cl Se : ; 
Ei (Abts Q Pana wp ae 
Bi woe 
| Noy v one tothe wi i 
= a] se fs : 5 
|_| rane 
eo] pe fo Hey 
I pari aT | 
a oe] Ley 


6) Yes. You arrive at [o] : /\ . This point (0, 3) does belong to 
the truth set, since, on substituting, we get 


IAN = (4x[o]) eo, 


which is a true statement. 
Ves (CHEE Tex)) sss 
ee. a) 


7) Yes, since 


or 


is a true statement. 


beac ed biuos atheq stedmen wedfo BBtOD seh adgeetoge ; : 
sety oyadmn edt te 2: toomrtivpes (ie St? iiaereed mes 
coltarpe sdb ote Bae 
Cee Roe 
( Josmatata. ood # soubor en 
ihe of bleos awehog deerme tedita ‘ies .seues $0. ab Se ; 
Stieiz at 
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8) Yes 


(3) . . . and we arrive at 
A Ay » which does 


belong to the truth set... 


Qo. 


SPADGIUOE TOUTE «| « 
(1) "over one to the right. . ." 


9) Bill is right. 
10) Yes. 


statement. 


Substitute into the open sentence. 


IS Sib PA pec 
ay ae 
IN calee ¢aaales & 
Av=(4x G)) +3 
5 eid eee Se 


Sh eS 2) ee 3) which is true. Consequently, FS] 
does belong to the truth set for the open sentence aX = (¥ x D) / 


#3, 


11) Yes. For example, suppose we "put four standard-sizedgquares together 
to make one big square." 


The result will be a true 


\ 


Debbie's pattern would then work like this: 


ie 
haa 
‘ 
* r 
‘ 
Rnedinned 
- 
. =: 
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Rig Venn en Serta ee Lannea eae ae en’ 
: 4 } 4 ' 
“ : j ; | 
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Aa 7p te rey 1) reno 
% i; 5 Phe | S59 RL aS ape i th 


otis-brabcess tat tug" ae ssoggen  sigmexe soe §: as 


‘iow dedt hivow aretsegq e'siddsl ".orepps aid 9a0 ; 


Page 99 


PEELE SE ttt 

NOR SoS So SeRRPSewoae, 

SUROnMNIBRnSeS POCO etbcteict bICIAS 

a OL Cusco fae Ga 

| SPE Trt | 
ieee oe sia) al ele eprie le ey leit erie et 
PEST lab tad tobe abotabobsk ae 

(20 DG DBMS Se Bid UO bacatral dh Be 

mee if icletelals( ial qo lele(ol aa SRE 

| Pe BSP ae le |S (nih lallalelnl elu elale | 

epapeded adel TT) TAT hep tee tok ta al | 

cana fot dnd [TTT eZ Ptah dnd Fabak LP pears 


“TCC take LCC 
UB DEON O GRE Ss BERR Sone 
SSBC eeah SOG S60 GOs eS see baa 


na 
aAE SCG SUceee oe aoc Uoceeeooee Pd tees LN 
ele) apolar Te YAWN ob fete | (DT andl sou dati bil ae 
Se eee Hellon: | Zee 
a ptt fo PB ae pe a 
ope ee | Wheelie |e el efa sh ape ey alelele|afal (| auscem 


sig fatwa fel mahal tetra letter taht 
Poo gE Mneaae 
CT era reek tate Faber | 


AA ae ib fea oe 
2 EB Wl Vind 


SCC bowl’ |e) 
. RoArcosengogogs 
misiaisiaieiesiialteletstalaolesinic cece 
Ra geMaa weealnaineleeee oa 
SECC ee if 


SSSneeSunSesaue mse 
ee saraeare sa 


ih Save 
+ = 


A, Le ror) 
t 


hg Pahe—tr inn 
—¥. > 


, +, 
§ ; : t t ; 2 : ; ; | , 
, a oo nahn oh aay —_ a +--+ —_ 2 va ; 7 a +o. at Es ft i : ee _—— o— + ‘I i 
lie Se, a ee eS ee oe i ee 4 od ; = tt : 

: . ; ; ; ie aie a te . rs a! > ont £ e —apemcchaw feo £ a +~ — pa a. 


4 
a 


Page 100 


Here is the complete version of Peter's diagram: 


Ow 
Scrateras arrive ao 
Rise tol Ry meee [fa 


Et tH 


4 H 
in 


j 
io 
er 
fx} 


SEBRTAS 


Hie 

coldale 
} Eben] he lequniteA_b 

Fea tho anaes 


JS REGRESS ese 


A 
ge 


i We enced oc LA. This is a point of the truth set for the open 
nten gee / N= (4xC)+4 3 Eow do we know? That's easy! Just substitute 


into the open sentence. The result will be a true statement: 


A=(4x@)t3 
Typ (4x () +2 
Ad = (4x ]) +3 
a7 =(¥xt1) ie) 
oF Ree A ao which is, of course, true. Hence EH) HT] AA 


does belong to the truth set of ae open sentence poe (4x[_]) ine 
2 guess I'll leave it up to you to decide whether the children's descrip- 


tions are reasonably good or not. 


15; Here the complete version of Peter's picture: 
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31. PRECISION DRAFTING, AND READING NUMBERS FROM GRAPHS 


Answers: 


1) The second graph is. In the first graph, the line misses the proper 
points, and the axes do-not lie along the rulings of the paper. In the 
third graph, the points are too large, and the line is too thick. 


You can't 
read intersections with any precision. 
‘ ; 2) corresponds to » @S we can see from the second graph of 
fi problem one: 
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and we have 


In this same way we find that: 
LI A LIA 

lip | iy Va\ 3 

“Ay! PAA 

ee | = 

IDG 
| 

5) Simply substitute the numbers into [zal and IS and compute. 


6) - 10). These are generally similar to questions 1 - 5. 


ast 
he 
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32. LETTERS FOR PLACEHOLDERS 


We now begin a gradual transition fram the " IES " notation to the 
"x , y" notation. For the next few months (in our a classes) we gradually 
make increasing use of x, y notation. (We usually give students their 
choice: "Do you want to do this problem with x's and y s or with boxes 
and triangles?" If they still mainly prefer wlahe and " " there is no 


need to hurry about changing.) 


Answers: 
1) y=x+3 
25) Tae a a 


3) Either 2° x, or else 2x. 
4) a) A=(4xO)+3 
vo) A=(3xO)-2 
eel ta /\ 5, 
ad) A=0 se A 
e) A=(QyxO) + 
t) @x4)+(4x0)-2=0 
5) x? (read "x square" or "x squared") 
Se = 1x) 
pes) 3= 3 XS 
bv) S25 X 5 = 25 
Siies 1x = 49 
a) (Wha ak veh e=s ata) 
8s) ExO=AxA 
9) A circle of radius five, with the center at the origin. 
10) cf. #9 above. 
11) and 12) Similar to the preceding chapter. 
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33. DESCRIBING GRAPHS OF TRUTH SETS 


The idea of this section is: 

1) We need some good, efficient way to describe straight-line 
graphs; 

2) An excellent method is the "y-intercept, slope" method (cf. any 
good book on analytic geometry); 

3) Since this is the best answer to a real problem we do not need to 
tell the children what this method is. If, instead, we work with straight 
line graphs and experience a frequent need to communicate, to describe 
some line that we have in mind, then the children will work out for 
themselves a suitable method of description. By steering the class 
discussion slightly we can be reasonably sure that the children will 
discover the extremely useful "slope-intercept" form for describing 
straight lines. 

The sequence of questions in the student workbook is intended to help 


provoke a suitable class discussion: 
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ty AVS Car leap i 

Ty Nes late? ale) ti 

eee pah)\e 

nea ete (tl Xe Le] chin A 

ik) A=(-3xO)+*/ 

15) 4 =(13-X)+t/ 

16) 4=(tS2)+ ea 

LEN (lx Le) Oy Pls simply Lan Xats| 

18) A=(2xO)+7/ 

19) A =CAxO) +1] 

20) Yes, he is. 

21) Yes, Kathy is aiso right. 

22) Yes. (Incidentally, problems with fractional slope give children 
a@ new geometric visualization of the meaning of fractions. This can be 
valuable in their work with "traditional" arithmetic. ) 

23) 4 = (“4X ) etn 

2h) ay =(A:k)+t7 


25) 4-(*h ‘het / (You may want to use a sequence of questions 
similar to #20, #21, #22, to help the children answer #25. 

26) Yes. 

27) Yes. 


28) "Over one to the right, and up +." 

29) 7 =(“7-%) +73 

30) A =(+5 ol Giphe se (You may want to use a sequence of questions 
similar to #26, #27, #28, to help the children answer question #30. We 
hope that by now the children will make up such a sequence of questions 
on their own.) 

31) A=C%xO)+7/ 

2) (NS ED (We insert this "easier" problem here in 
order to reinforce the student's conception of "slope-intercept" form in 


its basic outline.) 
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34) A=C4xO)+ 4, 
or else A=(a5xO)+'4 
or even A =C24xT))+ tu 
35) A=(*4x wr (The purpose of thie "easier" problem at 
this point in the sequence is similar to that of question #33.) 


S6)eA=— i240) t+0tF 
37) A=(0xO) + *3, 


which can also be written 


36. THE EQUATION OF A GRAPH 


This section merely continues the work of Section 35. 
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37- FINDING TRUTH SETS 


This chapter is mostly review, plus a preliminary introduction to one 
new idea. 

We do not ordinarily use this chapter as a single lesson. Rather, we 
use these review problems at the start of five or six lessons, and then 
introduce the new material in each day's lesson. (You may wish to make 
up many more problems of these same types.) 

Questions 1-10. Answers: 1 - true; 2 - false; 3 - true; 

4 - open (the truth set is 346 ); 5 - false; 6 - open (the truth set 

is Q*1, ug -- or, if you don't wish to stress signed numbers at this 
point, you might prefer to accept the answer yg )s 7 - false; 8 - true; 
9 - true; 10 - true. (Remember, the symbol "< " means "is less than," 

or "is to the left of... [on the number line]." Thus 3<5 might be read 
either "3 is less than 5," or else "3 lies to the left of 5 on the number 
line".) 


Questions 11 - 22. Answers: 11 - open (The truth set is 
cae 5ra6, 07550, 93 eine use only integers; if we use also fractions, 
we must include all the numbers that are greaterthan 3 and yet also less than 
11, such as 3.1/2, 4 1/3, 3.2/7,.6 1/5, 109/17, 9 1/2, .. . In this 
case, there are many ways to write the truth set. One possibility is: 
$4,51657,8,9,19, 3.1/2, 41/3, 9 1/2, 5 1/6, 7 2/9, 8 11/13, 3 1/4,... ¢ 

You may prefer not to bother with the case where fractions are used. ); 
12 - open; 13 - false; 14 - false; 15 - false; 16 - true; 17 - true; 
18 - true; 19 - true; 20 - true (i. e. " —2 does lie to the left of *1 


on the number line"). 
yee. oe WE OR Os ee ee +4 te 
21 - false; 22 - false. 
Questions 23 - 24. Answers: 


23. This, of course, depends upon your class. The answer will probably 
look sanething like this: 

Z Judy, Mary, Albert, Jonathan, Ray, Marie J 

24. Again, it depends... The answer will presumably look somewhat 
like this: 
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Stuesday ¢ ; 
or, perhaps, 

{March 4, 1960{ , 
or possibly 

Sthe last day before the Christmas vacation{, 
Questions 25 -63. 

A game: Strange as is may seem to those who have never taught the 
Madison Project materials, these questions are used (in our classes) 
mainly with third and fourth graders: With children this age, we present 
this material in the form of a game. We divide the class into two teams, 
and we write one equation at a time on the blackboard. Children raise their 
hands as soon as they think they have the answer, and whoever gets an 
answer first wins 10 points for his team. 

The third and fourth graders love this game, and very frequently beg us 
to play it "to 200 points." (I.e., whichever team gets 200 points first, 
becomes the winner. ) 

You may think of other (and still better) ways to present this material 
in the classroan. 

Questions 25-54. These questions are especially good with third graders; 
they are also good with fourth graders. (We realize that most schools do 
not begin the Madison Project materials this early. In our own classes 

we prefer to start with third or fourth graders, but you will need to work 
out a variation to fit your school -- beginning the study of Madison Project 
materials in grade seven is quite common.) 

Of course, the first few times you play this game, not all students will 
understand how to solve every equation -- but the rivalry sooner or later 
stimulates most of them to get in on the act. Patience (on the part of the 
teacher) is required to "wait out" those children who do not at first 


participate. (We ourselves never urge them -- it is not necessary; we 
just wait.) 

Answers: 25. 35¢ 
26. $2 1/2 (Our third-graders have no trouble with this -- at least, 


not by January or so.) 
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28. 4103¢ 

29. 421/23 

30. $5 1/3§ (Again, our third-graders are able to do this -- thanks to 
Mrs. Baker's arithmetic teaching. ) 

31. 3100 1/28 If you are surprised that our third graders find this easy -- 


well, so are we! But they do: 
32. 45$ 
33. $3 1/118 
34. $2 1/76 
35. B 3/h$ 
36-9192, 3¢ Don't tell the children the secret! However, between 
you and me -- and don't tell: -- the idea is to find two numbers whose 
product is 6, and whose sum is 5. 
87-5153, 45 kG. 412, 3f 
38. $3, 50; 47. 50, 10 
39. mecllmes 4B. 31, 2¢ 
ho. 95, 104 49. 35, Of 
hl. %, 100% 50. 38, 12 
rey Peele 51. 25, 20¢ 
43. G1, 9 52. %75, 2f 
Wh. 6, 8$ 53. 35, 36 
45. 92h, 24 54. (3, 100f 


Questions 55 - 63. 
Grade level. We do not usually do these with third-graders. We 


do, however, do them with fourth-graders, and our present class (1959-60) 
of fourth-graders at Weston, Connecticut can solve these problems almost the 


instant that we write one on the board. It is hard to see whose hand went up 


first. (This year, the fourth-graders have learned this topic better than the 
older children, but that may be a result of our own unconscious emphasis.) 
t =_ 
Answers. 55-5 B, 3e 


Gea a 6 60.35, /o$ 
51-447, "28 61.973, 2s 
58.473, +19 62.570, 758 
59- 4-5, “32 63.3+7, 733 
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Questions 64 - 88. 


This is the new topic in this chapter. 
We do not expect all the children in class to learn this the first day. 


A few may -- but the real idea is to get them started thinking about this 
kind of equation in advance of Chapter 38, Balance Pictures. Call this, if 
you will, "readiness building" for Chapter 38. 
The "secret" of these equations will be easier for most children to dis- 
cover after they have worked with balance pictures. 
We do not tell them any part of the secret.: 
Answers. 64. 26¢ 
65samq11¢ 
66. %20¢ 
ye el 
68. 4155 
Questions 69 - 75. By the time you reach Question 68, a number of students 
have probably discovered the rule "subtract 8 fran 19[in %+(axO)= O+ ink 
Of course this rule does not work in general. The students discover this 
the moment they try it on Question 69, where their "answer" is twice the 
right answer. The following sequence of problems are intended to help the 
students to discover a proper refinement of their first primitive rule. 
Don't be disappointed if they do not discover this the first day. We 
shall come back to it later. (By that time we will have balance pictures 
to work with, which makes it much easier to visualize equations of this sort.) 
Answers. 69. 46¢ 


70. %5% 73. 31006 
Tle, aX Th. Whos 
(pe ae 75. 35f 


Questions 76 - 88. We now try a different tack, in the following sequence 
of problems. 
Answers. 76. 588 


Tle Bees 
78. 410% 83. {15% 
79. $5% 84. 36 § 
sie) eens 85. 93% 
81. 310% 
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86. In our fourth-grade class (at Weston) this year, the children 
guessed numbers for this one for several minutes -- and then one girl, Beth, 
said, "There isn't any answer. Whatever you put in the square, one time you 
add 3 to it, and one time you add 5 to it, so they'll never come out equal." 

Beth, of course, was exactly right: 

Diem 20. 

88. 37% 

Questions 89 - 106. At this stage, our classes are still not reliable in 
their responses to questions like these. Our only suggestion is to be 
patient. This is traditionally eleventh-grade work. We have plenty of 


time. (Our fourth-graders are better at this than our sixth-graders are!) 


89. A=(*/xO)+*3 

Ses (STE eeey BV ie 

Be et Kole toe 

pee Coxe t 

93. A=(3% )ty 

oh. A=CIX O)+ 0 ~~ —~~__SWe might also write this: A=O, 
Some Glia) ta 

96. Az(ax GQ) +7/ 

oo A= (Axel) tt 

98. A =(CaXxX1)++] 

If the children don't get this, you might ask them these questions: 
Teacher: How would you describe the pattern? 

Class: Over two the right, and up one. 

Teacher: How else could you describe the pattern? [you might point 

to the graph, indicating "over two, up one," and then "over one, up one-half." ] 

Class: Over one to the right, and up one-half. 

Teacher: All right, what is the equation? 

(With this much help, our classes get the right answer. ) 

99. A=C1X [)+t2 

100. A=C “x—)+7/ or else A=(t/ax ()+7/ 

It is, of course, easy to get the “1 on the end. The 3/2 may not 

be so easy. If the class has trouble, we would go through the same sequence 


of questions as in Question 98. 


10. A=(*SK Ft 2 10h. N= (S45 x D)t 3 
10g, A=UAX (+7 105. A=C% xX Ot 
103. A=(3X —) +0 106. A=(Ox 1) +72 Which 


could also be written: A="2. 
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38. BALANCE PICTYRES 


The purpose of this chapter is to give the students a new method of 
visualizing equations. In our classes we usually find that visualizing an 
equation by means of a "balance picture" is helpful in connection with trans- 
form operations, equivalent equations, and "machines" (i.e., formulas for 
solving equation with letter coefficients). 

The idea is that we have some rolls of dimes (or washers) such as one 
gets at the bank. We do not know hownany dimes each roll contains, and we 
find out by weighing the rolls. 

We assume that the weight of the paper wrapper on each role is too small 
to effect our balance -- just as a postage stamp on a bathroom scale would 
read "zero". 

Answers: 1) No, we cannot. 

2) It must have looked like the second picture, n'est - ce pas? 

3) Now we do have enough information to tell how many dimes there are in 
each roll. (We assume, of course, that all three rolls contain equal numbers 
of dimes. ) 

The important thing is that the balance is in balance, and there are 
different combinations on the two balance pans. 

In problems 4 - 7, we will gradually simplify this picture, until we 
finally arrive at the answer. 

4) Yes Sandy is right. 
5) 


one roll of dimes 


3 loose dimes er loose dimes 


(At this stage some children will be able to see the answer. But, let's 
pretend to be very stupid today, and continue step-by-step...) 


6) 


(A Ze 
one roll of dimes eared loose dimes 
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(At this stage all the children should see the answer.) 


7) There must be 6 dimes in each roll. 
8) He took two loose washers from each balance pan. Since Alex took the 
same thing from each side, the scales will still balance. 


9) Yes. 
10) 

one roll of dimes one loose dime 2 loose dimes 
11) (ix) +1 Vie or else []}+]=7 

(Remember the identity Ox! = (9 .), 


You may want to finish this problem, by taking one loose dime from 


each side. Evidently the truth set is 36¢ ; 


12) 


bag with 14 loose dimes 


13-15. Same general ideass 1-12. 


16) 


"equivalent"equations 


17) A transform operation changes the equation into an equivalent equation -- 
that is, it does not change the truth set. 


Adding the same number to both sides of an equation is a transform 


operation. 


Multiplying both sides of an equation by the same number is a transform 


operation. 


Using an identity is a transform operation. 


There are two otherg Do you remember them? 


18-21. Same idea as 1-12. 
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39. OPEN SENTENCES 


Answers: 1) 376 


2) 


3100 1/2¢ (Our third graders at Weston, Connecticut are especially 
fond of this kind of problem. ) 

$52 1/25 

$1 1/2¢ 

34 

6§ 

22 1/4 ¢ 

$5 1/33 

$7 1/55 

“2/35 

8, 25 

32, 5$ 

325, 35 

%, 100f 

qh, af 

$40, 206 This is usually a rather hard one. But they get it sooner 


or later... 


5534 Notice that you must use a transform operation (namely, 
"subtract 6 from each side of the equation") in order to get 
a O on the right hand side, before applying the coefficient 


rules; 3 +5= 8 3x 5=15. 
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Our fourth-graders at Weston, Connecticut are especially fond of 
problems like this. 
29) Again, we must first subtract 20 from each side, getting 
(Ox O)-07xO) +66=0 
We can now apply the coefficient rules, to get: 311 : 6¢ 
30) Subtracting 75 from each side, we get: 
(OX OD) -(a6&K D)+/s0 20 
Hence, the truth set is: %15, 10 
31) Subtracting 202 from each side, we get: 
(Ox O)-(8x D)+/a=o 
Consequently, the truth set must be: 32, 6¢ 
32) This equivalent to 
(Ox @) -(ix D+ 40-9 
so the truth set is 48, 5¢ 
33) 934 
34) A =CUlX CO) + *2 or else A= Ore 
a>) CAR) +05 
36) A=(CIXT)t"3 
37) A=(2xD)+"! 
38) A=(ax D)+*7 
39) Ax=CaxD)+t> 
or else A=(2Xx O) $7 
or else A=(‘/5X O)+ 2 
wo) A=(*3xO) +0 
or else A = tox al) 
corelse A=3xQ 
41) A =(0x (+3 
or else A="3 
orelse A = 3 
We) A= CIxX O)+-! 
43) A=(24x Q)+3 


et) A) 


APS 
eh 


a 
a 
ris | 


cotySrteos st? ¢fega fem 


chee wt PY. 


iipses ont S08 wales yilh 
5 xti-(o xe 


J Jaa eee eee 
| aaa ae ee eee 
Beweeeie Sees eae ei ie ee ey ey 
7 i pet ft 
>| | Wh) | Firdt.|wel can bxtenti the! "dattern" ltolrihd lwnbrel tte dink wi1d ckods dne| | | 
em eee ee ee me Pe eee ey 
| Hees eee eee eee 
See ee SUS eS sae eee ey 
|e nee eens ea eee eae 
|) IL asa eae 

ea! le pp 


Seenenec.) at. 
pt SR 
el Se eee |e | a || aL [Rie eset |S Li 
Pah [ehatkad ap tuoge al oamter sBT 
Oo reeeemeemmer sie ees on Ce ee 
ea aise [Ga SR sats PR (OE | Pe Fs | | a | a 
FAS a a 
__ SE ORR eee see eee 
JI ae ase eee eRe 
Meera ee Seieieie eee a Pe a 
s 7 Hoadaale RN P| a La 
JJ Jouvi@vibin idl bE RRR Ree eee ae 
ee ar ee le le ee eh eS Sess 
a 
pp pp ne 
Bs | Biel tal Fea) PL ell acolo hao sperasiate || 5 
ee eee 
OR Sea Alea eae 
| Willie Se ee ee eee 
Uys ats BU aed a SF WG 
ee a ee EH 
eee ec eee eee 
EEE 


— 


5 oad Soe: re ae 


42 ASRBREeY 


a aoe 


Page 123 


40. CINDY'S MACHINE 


bag with 18 loose washers 
5) “equivalent” equations 

6) one which does not change the truth set 

7) Gag 

8) 934 

9) 7-26 

QQ 

10) H=b 
11) We must see the relation between 


exe iel=b 


and 
5x LI=30 
By iaent ly for "Q@" we must write "5°", and for "" we must write "30". 
Cindy's machine, then, becomes Ee 22 ) 

which leads to the right answer: 46 § 

12-17. These should be easy. 

18) [J= a The children may have to guess quite a few times 


before they hit on this. 
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19) No. 
20) No. 


21) - 23) We hope this sequence will help get the children on the right 


track. 
24) Now we try again; of course, the answer is still []= Cob 
25) Pl= ea 
26) - 28) We hope this will provide a clue to problem #25. 
2 Be 

29) O=ats 
30) (= ¢+d-b 

os 
eee a. 


32) = d-a-b 
: 3 
or else [] = d—(at+h) 

33) D=c+d 

a+b 
34) [] = Catrby—Gre 

é 

35) =4-b 

one 


<5) (re 
30) |The 


38) [J = beesd 
S20) [EDRS ceases 
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4]. DERIVATIONS 


* This lesson -- actually, this is a sequence of four or five lessons-- 


is a favorite with our fifth grade class at Weston. Children find this a 
bit hard at first (And no wonder! It is hard.), but once they learn how to 
make derivations this is an accomplishment they are proud of. 

Answers: 

1) An identity is an open sentence that becomes true for every correctly 
made substitution. (No substitution will make it false.) 


2) Here are a few: 
Cl oeoy es oe ia 
igre — 77 [ol 
Ox(3+A)=GxO+(OxA 
eie/\— /\x[o) 
A +(6xC) = (CxXB)tA 


ia +L\ 1B inf (A"trivial" identity -- i.e. both sides are exactly 


the same ) 
[1+3= (+3 (Another "trivial" identity) 
aro=- 
Bee 
ime © 


(O+3)x(O+3) =(Ox«O)+6x0) +9 
(O+s)x(O +5) =COxO) +x) +2 

A x(6t7) = (7x4) + (4X68) 

C9) KEAN =(Ox 0) + }(A+A) xO | +(Ax A) 
+) = Ax la 

Ox(A+V) = a aN 


O+0+0=2x0 
(A+8) x (Ct0) = (AxC) +(AxX0)+ (BXC) +(BxO) 


LE. 
aid’ .{ilatesos are 
i te eapty aleete ie cu ie 
t robtow oo BAA) TONERS 
| t ! } 
‘ 
? “e' W ct } + 
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w) Ol + 196/= /%/+D 
[1 +/1962= I76A+T] 


Obviously, you can go on to make up as many more as you like, by 
following these patterns, or even by finding some new ones. 
3) This is a provocative question. There are two kinds of answers that 
show understanding. 

a The expected answer (i.e., the one I expected) is: "as many as you 

care to write down” (or, "an infinite number," or "there's no end to the 
list"). But my Weston firth-graders surprised me by answering "about 5 
or 6." This also shows real understanding. When I asked them if there 
weren't more than just "5 or 6," they said yes, but these 5 or 6 were all 
you really needed to know. The others were just "saying the same thing, with 
two or three of these basic ones combined together.” 

I was delighted with this answer. I have never heard a better statement 
of the role of axioms in mathematics! 


hk) These are (at least roughly) the"basic identities" that are "all that 
@ we need to know." (Technically, they are -- roughly -- the "field axioms.") 


5) Here are the names: 
O+A=A+0 _ commiitative law for addition (CLA) 
[ax AN = Z\X Gl commutative lew for miltiplication (cIM) 
Ox(Arty=(xA)+ (OXY) aistrivutive law = (IL) 
CL1x1= C1 - 1tew of one (11) 


‘GiseX Oi LJ law of zero (Lz) 
aleve Oa) (we use no name for this one--you could make one up 


C) 


Z if you wanted) 
OC =| (again, we use no name for this one) 


CL) = CL) mis is one example of a "trivial" identity. 


We call these "changing names" (CN). That is, "2" is just 


‘ another name for "1 + 1". 
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6) In a derivation, we start with a trivial identity and change it 


one step at a time until we end up ei chaicenttty that we want. 
7) Three possible answers: "They prove that an identity is really correct." 
“They prove that a statement is true." 
"They show us that we can cross the identity off our list, since 
it is just a combination of other identities.” 
(The third answer above is the most satisfactory. Still other answers 


are possible, and would show understanding. ) 


8) In this, and the following derivations, we always begin with a "trivial" 
identity, and end with the identity we wanted to "prove". The format used 
in the following derivations is the one used by our fifth-grade students 

at Weston, Connecticut. Several of these lessons are available in tape 
recordings and studying these tapes may be helpful. A valuable reference 
is: THE LOGIC OF ELEMENTARY MATHEMATICS, by R. M. Exer and M. Rosskopf 
(McGraw-Hill 1959). 


Theorem: A t (BxC) — (Cx 6)+A 
Proof: § A4+(BxC) = 4+(BxXc) "trivial" 
A +(8xc) = (Bxc +4 commutative law for addition, by 
substituting A>] ana Byc > ZA 
A +(6xC)=(CX8) ie rely Pld) CoN 
ia ad 
9) It is probably clear that these "derivations" are a challenge of the 
teacher's best efforts -- but the results can be delightfully rewarding. 


Theorem: (4+G) x(4 +8) — (AXA ) + )(6t8)xA | + (BxB) 
Proof: (4 tB)X(AtB)=(A +8) x(A18) We begin with the 
"trivial" identity. 
(AtB)X(AtB) = ]ara)x4 ]+ [tex B | This was obtained 
from the distributive law, 
Ox(A+V) =(xA) *(xy) 
by substituting A,g 3 Bh SVs 
(A+B )x (Ar B)= |Ax4+8)| + (448) x6 | ( The oe for i Vv. 
this was a "tactical" step, to get the 
common factor "A" on the left so that we can 


use the distributive law again. 


godt" epee ee 


Cee fons 


yy bee ow Lita a 
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armen a2 
S82 tatt wong 
ee Fi 


deny’ a ee ity 
: wh ae ae kl won 


(A+8)x(AtB) = (AXA) HABE 
+A) x6 | 


3 


Atex(A¥8) =(NWA) 4x8) + 


Lbx(At6) 
(At BAG 4B) =(AxA HAXB) + 
(GiA)4(6 8) 


(+8) x(4t6) =U x4) H4xB) + 
(AX8) + (x6) 


(A+6)xEt8 )= x4) +) AG) | + 
(6x8) 
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The logical justification is: 
camutative law for multiplication, 


OxA=Ax O, 
ie Abeta ar 


Justification: distributive law, 
Ac [J V Nese HS p o> Ay) 


(We now use on the second brackets the 
same technique we just used on the first 
bracketed tern. ) 

Justification: CLM 


Justification: DL 


Justification: CIM 

Reason: We want to get )(6+8)xX Al, so #+ 
In the DL, the 
common factor must appear on the left. 
(This is the hardest step in any of these 
You will probably need to help 
the class with this step. 


must be the common factor. 


derivations. 


Justification: Distributive law (used 


"backwards," as our fifth graders say), 


Ox(At+ V)= -(OxA)+(Oxy), 
Gf el Safe telco 


(4B) (A+E) ~(41A) BBY] +(BX6) 5.6 icatiine CLIN, with 


QE -O, 


64620, AoA 
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&) 10) We write the "justification" portion somewhat more briefly: 
Theorem: 2x3=3+3 


Proof: 21X93 72 X23 etrivia. 
Axe x "changing names", i.e., 1+ 1 =2 
2x3=3x(1+1) CLM 
Peete ee (35x )) +1083 x 2) TDL 
4 Ox 3 +663.x 1a) egal 
. 8b 4 Si tie gato Lil 
ave. Ae 
11) Theorem: 2 x 3 = 6 
Proof: exes 21x Ss "trivial" 
2x 3=(1+1) x3 "changing names" (CN) 
Ox 3 = 3x11 +91) CLM 
2x3=(3x1)+ (3x1) DL 
eh Se aya) eles a8), Li 
Veo <a toe oa 1G Gee Lil 
2x93 —= 3 (2451) CN 
cr) 2x3=3+t1l+2 CLA 
Pip aie eS lox ead CN (namely, 3 1 = 4) 


Note: We are avoiding explicit use of the associative laws at this 


point. We will introduce them a few lessons later on. 


2x3=4+14+1 CNet 10-2) 

2x3= 5+ 1 cN (4 +17=5) 

2'x530- 0 CN ("changing names") 
Q. E. D. 


12) and 13) Similarly. 
Us) (AtBr C) AOE FF) = 4x0)+ G2 HEF) + (6x D) + BAEDt 
(BrEHCXE) +Cx9) +€xF), 
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42, THE "ASSOCIATIVE" LAWS 


This section follows the same idea as the preceding section, but we 
now introduce in explicit form the two associative laws: 


OHAt+W=(O+N+V (LA 
Ox(A «YW =(Ox AxV (ALM) 


Several class lessons with fifth graders doing these problems have been 
tape-recorded, and will be available in the near future. 


43. AREA 


4. HOW MANY SQUARES? 


These two lessons have worked very well with our fourth-grade 
students at Weston, Connecticut. 
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4) He knows that when he substitutes (2, +9) into the L] ) A\ 10 
USAC SEAR AP} 
the resulting statement will be true. 

How does Lex know this? Note that he need not perform the arithmetic: 
Since the graph represents the truth set for the equation, every 
point on the graph Crates. ) will yield a pair of numbers that, when 

substituted into OA will produce a true statement. 
(As in the "Point-Set Game", the first number of the pair must go into 
the OJ ; and the second number of the pair must go into the Wes 7) 


5) Yes, for a reason similar to #4. 


6) Graph each line. Do you know the secret? 
7) - 17) Similarly. 
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46. A LAW OF PHYSICS 


Most of the lessons in this book I learned from my students -- by 
experimenting. This lesson is an exception; I learned it from Professor 
Robert Karplus, a physicist from Harvard University who is now a member of 
the Physics Department at the University of California in Berkeley, California. 

Those of you who like to play with "gadgets" may find this lesson very 
enjoyable. 


HHEHEKEKEKEHKEKENHEREKEHRKEKHEKKRKEKHEKRKRKEKKEKHEKEHEKEHRE KEK HK * 


CONCLUSION 


Lesson 46 is the last lesson in the present book. 
Many teachers are currently experimenting with the Madison Project 
material, either for: 
i) gifted students in grades 3 - 6; 
or for ii) all kinds of students in grades 7 and 8; 


or for iii) slower students in grades 9 and 10. 


I am always pleased to hear from teachers who are working with this 
material, or with other similar material. To the best of our ability, we 
like to help other teachers in any way we can. 

A series of tape - recordings of actual classroom lessons, accompanied 
by film strips, will be available in the near future. This may answer many 
questions. 

In addition, a revised (and much improved) version of the "Workbook" 
and "Teachers' Manual" will be published next season by Addison-Wesley, Inc., 
Reading, Massachusetts. 

Correspondence concerning the Madison Project is always welcome, and 
can be addressed to: 


Professor Robert B. Davis 
Mathematics Department 
Syracuse University 
Syracuse 10, New York. 
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Financial support for some of the Project's experiments has been provided 
by the Marcel Holzer Foundation of New York City and the Carrier Corporation 
of Syracuse, New York. I should like to express my personal appreciation for 
this financial assistance, without which the Project would have been impossible, 
and also for the magnificent co-operation of a large group of hard-working 
teachers and supervisors in several dozen communities, including: 

Syracuse, New York 
Weston, Connecticut 
Tarrytown, New York 
North Haven, Connecticut 
West Canada Valley, New York 
Binghamton, New York 
West Hartford, Connecticut 
and a private school in New Haven, Connecticut. 

Further workbook material is currently being developed, tried, and 
modified. It will gradually become available in a form similar to the present 
volume. 

I wish you every success in your work with this material. I hope you 


will find it as much fun as we have! 
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2) Graph several elements or 
tne uth sek of A=O+Q. 

/3) Graph [A= sale | 

4) Gvaph A = (3x cy) + | 

5) Graph A = (XO) +1 
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B has vot yet played Suppose 
that, for his 9 move, B chooses 
DA 
The pidure would look like this. 
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a) G2 eal 

Ss) 16 eey= 22 
(2) fiat 20 ¢ 10a) ) aaa 
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Page 3 
b. Identities 

Some open sentences permit 
us +o substitute any numbers We 
wish, Tf we do our substituting 
correctly, the vesulting statement 
is always jue Such equations 
ace OF ren Called identities: 

Which of Yhe following ave 
idevtities ¢ 

Madi AS NH 


Foge 32 
OL Se AX 
By MAS HS 
4) (O+A)x(O- A) = 
(Ox B) —(AxA) 
s (axA)+ (O-A = 
(o+A)-(Ox%A 
D has Wea Ul+e A)+ 
" (D+) xA=0+A)xO 
) CaN (GA) = 
(3x2) + (3xA) 
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9") sx(Ot+A) = 

(6x) +(Sx A) 
jo) 6X (A+A) = 

(bx) + (LEXA) 
n) Vx(G+dA) = 

Gvsrai at ewae Ay 
Pyyesaga) = 1 

(jal v3) eb XZ) 
3) Oxl( A+ 1) = 

(Dx A)+ (Ox) 


Page 3 
4) (O4+7xA=(74N)4+0 
is) 34 = (+3 
/) (7x A\+ 0 =O+(7xKAN 
i?) (ax N+O=O+laxdA 
Rieeix GAckhY,) = 
(Hx A)+(Ory 
9) (99+ A)xU= (Ox7)+A 
Zoe LS TE) LA KA) ) = 
(ax A+ (5x) 


Kage 3° 
al) O x(A+4¥) = 
elec OH Cie ¥) 
22) John says that the sentence 
ee aia) Sable. xa7 Ss 
IS an identity because if you 
culostitute | into the SQuare and 
| into +the triangle. you get 
(3+A)x = (M+30xA 
Te we x | 
eae al 


ie 


vat 


Tage 3b 
which is Tcue, 
Do you agcee with John? 
2) Marie says that John has 
not proved that the sentence js 
ON identity, To prove ir is an 
identity | yOu must prove thet 
every substitution will produce 
a tue statement not merely 
that (1)') will, 
Do you aavee with Marie? 


mY © aye e 

ak Set - 
yen Aa 

7 te i" oe 
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24) Do you think nat the 
Sentence 
Groen Dalisee Elect 3).x0i/s 
San identiry ¢ Can you prove 
that You are vight ; 
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7. Numbers With Signs 

\) Maxhematicians sometimes 
use numbers with Signs, such as; 
*3 (positive three”) 

ek e negative iia | 
"I9u5 (positive 1abs") 
pos (" neaative 34°) 
Can YOu. tink of any 
places where Such numbers 


might be usesul % 


‘(eT eee 


o 
x" i 4 
\ a | : 
« . 


i’ 


Pye PAO TW. 27a 
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4) Ruth says that numbevs 
with signs could be used on 
a draph, to disting wi sh ule From 
Pisin 


Foy example ioe2) would be 


IS 


(0, ie | 


an ts ' ey We ve bn 
oo pe : e . A ai oa A 


wy f 
; . 1 
ny 
; Ae 
\W 
‘f y 
- 
’ 
ak Mamet Vinee semint 2 has POS ree 
Go wet igen 
‘ 
/ i 
See Le 
- 
‘ 
1 
U 


Fae YO 


— whereas (0-3) Would be 


) 
i 


as | [a (07 3) 


Yo JOU agree with Ruth ? 

3) Where would you Graph aid) 7 
4) Where sould you qyaph CNS 
5) Where would you Qraph Ch)? 


» oO 


; ar 2% tp :e) A) 9) é of A 


axe 


| NOLRTP 4 oY biti. SxS AW 


Foge 4! 
() Where Would you aroph Ch tn? 
Can you acaph each of the 
following — points ¢ 


gareks' 332) palit lacs? 
Das, 2) Page) 
ee) Cra) York 13) (5,7) 
jo) (6-3) Wis (Geo) 


Fage 7 
i More. Numbers With S19 ns 


Tw baseball We usually Use 


two numbers to tell the scove, Sy 
example 

Boston | 

New York Ti 


Te ie ee viumbers with signs 
we can tell the score witha single 


numer, 


Suph ose, Foy example We Og Kee: | 


Poae 43 
nat ‘ 
Positive numbers Wean New YovK 


is ahead, 


Negative numnber S mean Doston 


1S ahead, 

i) How would you use one 
number +o aive the score 
New York 4, Boston | ¢ 

2) Suppose ‘the score Was ee 
Qnd Subpose a batter tor Boston 


Fae yl 
aor On second , scoring a Yunney 
fom +nivd, What would the score 
be then / 

3) Suppose The next batter tor 
Boston hit a home vun with one 
wan ov, What Would the score 
ve thew ! 

4) The next Boston batter 
acts oy) and the fo\lowing batter 
Wits another Womer, What is the 


aad Vangel 


pO 


( 
‘ 


Th A\ ) 


Rage dS 
Score now © 
5) In the next Inning | New YorK 
\s scoreless , but Boston picks 
Up two vung. What is the score 


ow ¢ 


Page YE 
G The Post man Example 


We would \Ke to invent an etches tor 


hambers with signs. 
To do this, we look at am evaynple. 

Suppese a postman brings you a check Sor *3 
Weean represent this asTS Tf he brings you 
ig Soplll eee FQ, we Can yepresent thet as Q 

/) D4 ppose the postman brings You acheck for 
95) ond a »\)} oy Sh Aye your vieher or poo vert 
By how much? 


C aon you wi ak 2 Wp post nan STory finn each 


problew ¢ 
QtQety rs Snore s 
rae tea 515+ 2! 
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pase 4) 


opt t= Waot /=% 
7 3+o0=% 2+ 5 =? 
10)*6+*3 =? nty+ /=? 
ja)"34+~b>¢ B) Vis ibey 
M)*7 +7426 iy Ps ol has 


Is) Can you make Wp a story that wv] Covrespond 
to subtraction 7 How would you explain this? 


t7-+Q2/ 
Can you make up a postman story Sor each problem? 
if) eC 1s) /S-*5=¢ 
IN)*8- t= ¢ Ny) Tel eH 
al) S+ /=? 22) */0-*2=? 
ED Meaty a4) “5 -- a? 


AY me al) “8+ l=? 


Pire, 
a. 
Twa yy . he oy > | ivy MOY aed G : 
‘ \ ‘me 
ao, . ee ee" fe 
| rT i¥ Okey x 2 poe | \ a a a) 0 a : OI I DY TA 
e ad cay P 
oh ie Nv Le aes 
i v ie 
% “vot ya a hd Teng S ad >, ANY: 
| \ 
t a bie 
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2H) The es az) *7- “Y=? 

aq) +3 +752? sy Sa Oe 

a) nena sie weet 
33)" —~Q=! 


Can you Qyaph each os these points ! 


34) (0,*3) Spek ey) 
Bb) On 3) eT) \CeL as) 
38) 3,2) aA tS 9 /) 
40) (#5, - 1) yi) (17,0) 
42) (-5,73) 
Can you Sind the truth sets Sor these open sentences 
43) 6¢D =// 7 a liom 
45) 9+0=L 4) 9+0=!/ 


Ay Oey) rapes res #) 3+D=/ 


bs 


! 


iss ow : ue 
tae 
ie 


ea: 
OF 


es 
cM 


ag 7 
/0. Eouat/ons and Truth Sets 


I) The teath set Soy this equation Coritains 
‘Eivee numbers. Can you Gind them? (They ave both 


whole numbers) 
(Seas) pel © 
2) Can you Sind ihe truth get Soy this equation? 
(Ox) -(isxD) +47 =0 
Can you tind the truth set for each of these 
equations ¢ 
3) (OxO)- (4x0) +33=0 
4) (Ox) -(8xD)+/5 = 0 
$) (AxD)-(SxO)+tb=0 
6) (OxD)-(/0xO) ta4=0 


7) (OxD) —(Jox)+al =O 
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e 3) (OxD) -(7xD)+6= 0 


9) (Oxp)-(3«0)+2=0 

jo) (OxD) -(a1xO)+/0%=0 

I) (OxD) -(a4xD)+80=0 

12) (9x0) -(20x0)+77=0 

3) David says he hes discovered a shorter way 
ty solve these problems, Have you discovered this 

, “short method” youxsel$ / 
Can youtind the teuth set for each 

oF these equations / 

4) (1x1)—(7X0) +10 =O 

is) (OxD)—(9xD) +14 =d 

I) (0x0)-(asxD)+/44=0 


® 1) (QxD)—(isxO)+ 80-0 


i f ia 7 
as ae 


il ‘ hed & 


P. rat Ot iy j 
f vy { 
alt ‘1 Toe ; FP 
Spee pos 
4 } bd f } 
, PF hs 
. hast Tt 
4 
aa -_— 
« \ us 
thes “as 2 
. 


bs 
| os 


\y "hod dean ile 


wee, mE Marys Orbe WOM Bad 


~ 
~ 


BNO KT ANE saa Fe 


OF 04 (xc) (aed 


fage 5/ 
19) Have you discovered David's “short method? 


1) Can you solue | 


(AxD)- (43x0)+352=0 C 


aA 
ah 


Priel Eta be rsho 26) aa 


Pe 4¢ he 


MIM eRICaTe We. Weeder Cyetinertinn Mithenahies? 
1) Al and Henry ave arguing about the answer 
Speen SSX Sars 4 
A\ says the answer is = *2X73 = 7/, 
Henry Says the answev shoul) be 2x3 = 5 
How can they décide who is vight ? 
2) Joe says they can perform an ex peri ment 


erie tele the wuttor that wey. Ds you agvee? 
D Brian is skeptical. He asks: How can you take. 
Mi eipatita Se uchaStarablindikearn du she ? 
What do you think ¢ 
4) Toe says that chemists doit all the time, 
What do you think’ 
9 5) Brian says thet is all well and good Sor the 
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Bey). Shugo ghee ean ere op ood tvs 


a. at sq 


oe Wo? 2) YSN OD od oF zyae hs 


7 ey 5 J Ct blast Z ys ent 99 he eynd ool 


and ' fy 
¥ 


a Cana. oh ein By) UE ade wh 7) ft Cae ; 
te 


ne 4 
ao PD Kot Pe ne bot a A) dade EN Ae sob, & 


¥ " 


May 43 ye | hk a a7 | Shen ot sl ttse Kg 


0. 2 wooy 00d ag ele a ae Tqah a el ise © 


a 
a 


‘ . ) Sms ‘on is ) milddirn re kg Pup te ha 978 . 
’ { ‘a | 


fy 


DS - ok shi sald “ie “te 


Or estrecnamy 
— 


ae ng ft 


is | aie wore bop ba i 


: vad ie 
| * dh 
o ae 
he 


~~ 
: 
Vie by Bee: 
ae View ‘ y 
; OF iA 
pé “ , : 


7 - gh MAY ‘a rte ; fi rex at 
) CRE MRE sree eo 


= 


pase G} 
i) chemists. ab“ you want to Kn ow whether sodium chloride 


will disselve in water, you can ‘ust dump some sodium 
chloride nto some water, and watch to see what 
happens. 

But what ave you going te do about Somethmg 
ie *Q273 4°52 


How would a ee answer Gevane 


© eae Ar 
One way to settle questions in mabhe matics 


is to look Sov patterns that serm to be 


Im portant, 
L) Is it true that 3X Y =4 x2 ¢ 
7) Ts it cere! that SX = 7 X95 K 


> 9) 1s it teue that — 06x 173= 1732x1066? 


‘S5 Gay 3 Bt ai wv 


Yet) OD ee 


bt ee | aay ad a i 


ah | 


ert r | | jiu * ee oh a ee ve a | i 
~ Fadoincen “SE nado ys tut ae ee | ; ‘ 


ee : 


sig ao , is a4 


> ig ; ee : 
' cae 


— 


rege OY 
How do you Kaeieb ete you compute’ 
9) ts it true that St]= |4+5 7 
lo) Is it true thet Bt A= 2+3 ¢ 
HN) Ts it true thet lL yb 4 SF % 
How do you Kitewiaene Ase you alosolute|y sure / 
Id) Is ib tyne that 2443) =3h +a& 7 


Can you decide this vaitheut Computing ¢ 


Bute hix AN aA Xa an identity? Ave you 
alosolutely sure’ 

)Ts D+d=A+O an identity! Are you 
absolutely sure? 

I5) How does the ideo of pattern relate to 


the preceding questions % 


1D) Can pattev ng ever lead You astwvay ¢ 


ye Kis wl 
aS io | ~ | \ 
eV, (a Py Sie we Lot & nd At el ay 


Venue | y ada 


Me | ey! ag 5) 9b od evab wi @ 


? A = 


, me 


“ytaa —_ 7) Ree: lal 
cna i - 
say i oe 


aye? 
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PEL ethe system oS integers, the number 2 is 


a “prime” because it has no factors except | and 
itself Is 3 a4 prime 7 

2) Is 4 a prime? 

7) Which elements of the Sollosing set ave primest 

PEROT O57, Manisa iyi 7y/8) ah (2 

4) Is it tre that Aesool 

Al) Is it true that 32/00 7 

29) Tes the 15s) 3 a a md 

23) Is it true that il 2 joo ° 

44) Is it true that Ere jaa 

as) Is it true that every prime is less 


than Ino? 


At) Paul Says that what we are calling patt evn 


e- 


» 


a se 


Sh y of 
; | ake 
2 et ‘a «60ers ak (ay o 


| 


tons auyd 3 < es 


e. & 
Is What his Sather calls \genevalination Svoum experience,” 
Fox example, fh we Sind that every Summer we 
Can remember was warm, we might qeneralize and 
soy that we believe next summer will be warm , and 
very other Summer will alse be warm, 
Can you give any examples where you: believe 


somethiwy because you ave generalizing 
experience ¢ 

Do you agree that this is what we mean by 
ee? 
Agreeme nt : 

Some statements in mathematics are true 


because of gavee ment. 
2) Ts it true thet the point GI,A\ Js 


‘A ms Vee 
rue Fh? A fert wor Ai  SRAKS 
Me rin 


Maery 26 ci ™ raw cpu 
LF 

if j 

+) | DV S91 St 

aww, & ec 

: im J fa 

' 

7 ai is J fh 4 ry a 2 


‘ 


ar snk) » 2 *’. 
LAVeD? SD . ODN ed ao 


7 on soe 


| yh. ost3 oe ad. ee ¢s! zie acess oP 


aie 
2): A A nig oh Saale 


p> g 
rote 
e a . 


~d 
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Vaated li ke this; 


A 


Calan 
ae 
WN 
= 
= 


Ov) shoul 4 HE \pe. graphed 
AG 


Which avaph is Set wp correct | y ? 


) A DA c) 
in nil D 
Oo D nN 


Why ¢ Why aven't the others doevents 


44) Can you find a statement in mathemabies 


that you believe because it fits into Qa po Bra 


7294 5s 
30) Can you find Qa statemewt that i ene 


because oS aaveement % 
3}) Can you ing Q ctotement in mathematics Glee ts 


you Can Sapport by performing an experiment / 
32)Can you prove that there is no largest 
positwe integer” Did you use Yeaso ning 
23) Bill says that we can't use veasoning 
unless we first agree to some vules Sor “legal 
veasoning, Otherwise we'd have to accept bad 
Yeasonimg as well as Sood Yeasonme . Do you agvee4 
34) Cvaph A= OF+/., 
Find the ‘pattex n" os this Graph, and use this 
pattern to locate some points tothe leSt of the 


Vertical Qxis. 


8 
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Can AR learn any thing $r0m Chie abot the 


addition of signed numbers’ 

icchics p ht! a= 3G 

35) What is “a+ *7= ? 

Can yruuse thepattern” onthe graph to help 
you decide’ 

36) What's ~3447? Can youuse the “pattern” 
onthe graph te help you decide 7 

2p) dey Hehe Tete eae ae 

33) Is it true that %3 means the same thing 
as 3% Why* 

7) Ts it true that using " Wiga\ y brackets such as 
SL, 2§ means the set consigting oF the elements 


lL and ak Why is this true? 


p23¢ 60 
AA lvtex pretation 


) Orian says thet before we can perform an 


experiment, we have te witerprets each symbol in 
Dur eguat J ovn as cepresent "4 somethivg rea, Do Yow 
Ba? 


2) For the equation “At "R= TS 5 hew would 
you interpret the 72% Haw about the *37 How about 
eee < With Ve mberpretat ion, does the equation 
Seem to be eoyreact ¢ 

3) line suggests this ivterpretatiow: Tin Pl 
iol] veprese at 3) earned) the 73 veil cepresent 73 
earneh, the + will mean that you earned #2 and 


gise you earned *3, 


With this interpretation, does the equation seem 


page Uf 
to be covrect? 
4) Terry says that, Sor the eguabiin 
Ax 3= 6) 
iF you interpret the 2 a5 inches and the 3 as 
inches, then the b becomes square inches, and 


MeasuveS Aveo, Do Yow meat = with Sevry ¢ 
5) Theresore, Says Sevry, 1S we iter pret the 
equation AX Z=l to mMear) ti) times 3 
the yesult would be B dollars squared and ee 
isn't avy Such thing. Do Views agrees 
b) Camm you give an interpretation oF 
AX 3 =6, 


UsiI4 momniey earned od spent? 


7) Can Dy oa use money Cavned or Spent to 


Pa9 € ba 
intex pret rate o tO 


Oeesche equation Seem to be aerate 
¥) Ernie Says that a vetter Way to interpret 
Ewe times Something 


Ube 2 nipis, penne 


Is to say that spmethug happens twice, Oo you agree? 
9) Can you use E.nies method to interpret 


BOGS Ey 
/0) Can you use Ernie's method to interpret 
ile re) es hed 


i) Jane Sei thet 
TAS iG 
can be wtecoreted this Way * 


S 
—aloss of *3 


7 
cs 
+z 
“ 
ve 


4 
dp 5 
yYMIST! 
’ 
i and CAS FAR AM Mey cP ae Ay ¥ aig 
‘ 
nie Wik: , + thar : i _ 
vs ) #8 STI SSeS aM ee 
4 
in 


‘ at 
i. an - ~. ’ i i age 
A DNB | ain, weer, aan mm 


pase OF 


a 
happened twice aK 
So) the Corn Un wencierd EEK Bins) 


says that on two occasions we lost 3. The 
vesult is that we ace poorer 
a 
by an amount of #6 
By MS Gs ES 
— 
Do you agree with Jane 
I2) Can you use Evme's tdea to inbergret 
#3 x “Y= ¢ 
3) Can you use Enye's dew To inter pret 
Gel eeniere C 


I) Toe says that we can decide 


a 


Oe 


rm, 


ee 


what a | 


5 of 
a" 


os sied Leinsaqard nt 


~>f 
- ~ > ra 
= M Pe 
»% y , i ; “ 
Chal of Pte GE A) 
Oe i ws ithe 

- 5 PS 

tT f i ‘ 

i sf Ay sy y a BS 
V 

ae 
¥ 


= 


wh 6 es AN a pat 5 


@ 
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by using the identity 
(A A07as vB eI) 
eee Oey “ayeN Ck 
Nowe, TA Vepeesents a foes o€ "QD, 


“5 X means it happened Five Times 
and so, TS) es 
means we lost %Q five Times, So we are prover 
WO Xe y= —~ 
by an amount of */0. 
oe ae We 
Ds you agrees 
1S) Can you represent 
SROKA ae = 1G 


x . > a> ~ : 
a eee 
wa. 
‘ 3 te eve 
pata a 
, nS aes 
: i é ’ -_ } 
~~ ts y. ae i } 
’ 7 
hs + P ‘ 
Lg i h a hot 
) Fn Ghee 
’ 7 \ 
preme era 
‘\ “ A: % 1 
” j é ; 
: . Kwiadh og on A 
: 
~ ~~ Ahn 
* os 
aad MS h as 
Ae NGS . Ye 
@ of. 4 71 ‘ c " 
- 7 + 
. a 
e . 
Ww shy : 
: ‘ icy x é 7 | 
D “ 7 ~ ‘ro d 
: * ia 
i Te | 
° be vai ie 
ch " rf Fics Si on 
| Mo. Twente 
, 
> t . a a o “oh — 
: 4 i‘ % ua —, K, A 
1 AE 
ce ‘in 
; ~ 
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12. Arithmetic for Signed Numbers aaa 

|. TS *Rv 3 means a three dollar loss that 
happened Ture, Can you make up a story for 
TAX, thet would mean a three doller loss 
“unhappening” Twice, 

2. Jerry says & prodit can \rappen twice 
(72 x__) i$ we make tuo sales. It can “wnhappen” 
trsice if we find that yesterday we accepted two 
had checks, Do you agree with Jerry ¢ 

3. Can youmnake up a story Soe “X73, that 
will mean a %3 profit “unhappening” twice ¢ 

4 Can you make up a story for tA X73 ¢ 


oF Con rer moaKe Ap QO story where & #3 loss math 


“unhag per,” Copies Now tan a loss “unhappen”? 
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b. Beth says that you geb richer if aprodit 
happens, or ib a Joss “umhappens. Do you agree? 
7 Steve Says yo get poorer if a loss happens, , 
ox if a protit “unhappens / Do you agree with 
Steve ! 
% Asa businessman, which would you like, and 
which would you dislike ? 
a) You make asale (a posit happens) 
b) An article is damaged before sale (a loss 
hapeens) 
C)A check which you had accepted turns out 
te be a bad check (0 prof it “unhappens’ 


d) Some bad checks ave made Gord (0 loss 


unhappe ng ) 


a 
~ Ne v ; Py 
ZN POSS! Deny Bewg YS 1 Ng op MON! BN BCS Vere ia 
4 , 1 , ak at Pi i 

iw. sey ea aly Elden bind LL Lit og 8. + 

®, 

i er eee 

r ; ie 
ee teen ANS] basa Gad 
4 
r 1 af YW FA 
f 
bok t . i eo ai) 
Me) Nw? 8 O44 3 . AG Fe ey 7 HUY m f. \d Tine 
j ! > : ; Fr : 
Pavan ri bet 4 92M b art, PAN F958 Gand Aaa Py (9 en 
ihe \ ; an 
" mi Me ‘y oa Wal 7 berg be y nn sid st Hi, _ 
pf : ve on 
; ey al J hve P obo BIB AoA bupel 
s AY 
; Pt Gituty pint 
4 
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9) Jecvy Se that 


BIG TAS 
means a profit of 43 “unhappens” twice , Are you 
richer or poorer? What answer should we weibe for 
Bat 3 of 
jo) Allen says there is ancthey way to decide 
“2X73, We Wave the dent ity 


ye AS Aen 
Conseyuent ly, Wwe Can maoy. 
PAY HO SiwiedhYigok, 


Now , weer) WIED MS MOTELS SMO-ra anes 
acess ae 
which S tehWeetline 


ln Gee tae 


ee 


\ 


~~ "04 wd i 9 


a 


Page of 
Consequently) t3X R= 6. 


Do You eee with Alene 
y) The identity OXA=AXO js go important 
that it has been wer A'Vame, Ihe Is called the 


Commutative laramesae yiult plication, 


enn you use the Commutative law Gor multipli catiovu 


Poa ccienc the auerecace LER BIE c 


la) Can you make up a story ae 
= Bee 
using the idea of something “unhappening”? 
3) Low says thet he can use another patbecn 
to decide  +2x 7), 
He says he begins by making o graph Soc the 


open sentence Me jie (2x). 


ov. 
<4 


Riven? 


Oe A YAYD 0 enna vd 
Nw! i iy 


4 " i if Ad ; 
. if ogee an re % 
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Can you Figure out how hou's method works ? 
14% How many Ways do you. Know to decide on 
Aan angwer for 
POY Gi aa 
15, What answer should we fer te Lane 
peu ea es ¢ 


h ' ‘ 
oy a tA) we A> a oe 


SF Cle OM ; ¢ ay 
4 
+ 


pos 70 
Fw iMorecldent ties 


| What do we mean by saying that an open 
sentence is an identity? 
Which of these ave identities ? 
21) ANTS |G le aN 
Sry) ie Ay = et 1) 
+ (AxA)+O= (Ox O) +A 
6 Ox(Atvy)=(QxA) +(0x« Vv) 
(. (OXA)+H = O+(OxA) 
7 (OxA)+O = O+@xD) 
g Ox [(OxO)+2] = 3x (Oxo) 
¢. (OxD)x](OxD)+i] = 6x) *[(ax0) +) 
jo. (O+A) x(Q+A)=(Ox0)+[ax(OxA) | +(A+A) 
u. (43) x(O+3) = (xO) +(6xO) + 9 


Me i to 


Me: 


A te ao 
CUE 
t\ 
e 
oe a, 
4 La 


eile 
: 
‘ 
~ 


ww 


mom | 
+ (A. eta a4 


' ay oe he . 
{ ‘| a Fi ty Lay ; “a % C ye A ms \ ar 5 ti J “ Ey a 
tape igh 
: a, 


a . 
Se 
wr , 


att 


Mae De aoa ? 


{4 me 
. (0.0) <n 


ie 
dt 


‘KxO)+ OS mee 
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Ia) (+4) (0 +4) = (Ox O)+( 3x0) +16 


13) (D+!) x(a) = (Ox) +(2xQ)+ | 
4) Dx(Ats) =(Oxd) +(0 x5) 
5) HX(Ax V) =(0 xd\x V 
4) O+(At+¥V) =(O+A)+V 
1) (AxA)+V = Ox(A+V) 
8) Ox( At+3)= (OxA) +(0x3) 
) Write down your cumulative lish of identtes 
Can you discover anything about this jist “ 
2) Can you make up Sive new Wentibies which 
Ore not on the cumulative list 7 
a) Is this an identity ? 
WAVE =) 


42) Ts this an ‘identity? O+o = 


pase 7a 
“, Implicat lon 
)) Hal says that the list of identities wil| 
soon be too long. How can we work with it more 
eflectirely 7 | 
7) hou says we Can cross out Certain identities 
because they Sollow from othevs, Can you Sind some, 
identity onthe list whichcan be exessed out, 
since it 16 @ Cons equ ent of some other \dentity? 
3) Jerry says the identity 
Ox(A+2)=(OxA)+(0x3) 
can be crossed out, Jerry's argument goes like this; 
We Know thaé Ox(A+V) = (Ox) +(Ox7) 
IS an identity, We Know we can put any number In the 


VY $e long qs We pet it inthe V7 every Hi aeee Cie 
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£255 3 
place holdex VI appears: Now, we put 3 in the Y. 


The result is! 
; Ox(A+3) =(AxA)+ (023) 
Con sequent /y, We don't need this last identity Oh OU 


it ws Mugs mene Ae out, Wwe Con get it back any time 
we want by ves ng the identi by 
D x(at¥)=(O xd) HBxy), 


4) Can You. make up sive move Meyers peda 
to the teh ? 


5) Can you Coss any oF them oS4 oS the hst the way 
Jecey dil’ 

() Com you Cross any more ‘identities ofF the jist 
by using Jexry's method? 


7) Ellen says that what Wwe ceally need here is 
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the idea of implication , She gives this eXample Be eg 


list of statements: 
) All Bill's marbles ave blue, 
A) Whee, aon Gs tances Sara SIM 
3) Joe won Five blue marbles, 

Ellen says she can cross 054 the thid statement 
Scom the list, The Sish tor statements imply the 
thied, [We write ths |,2=93.7 

What do yor think of Ellen's idea? 

8) Can yor make up 0 list of three statements 
where the Sirst two statements mely the third, 
but we weed both of the Sirst two stetements in 
order to cet the third statement 7 


q) Soe suggests this Jist Sov question Ye 
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" a f > rt a tae nae 
¥ 7 nd j - ernie soe seed ad iualah ih VENI ia. 


cae 1S 
1) My Cousin glays lbasehal/, 


a) My cousin is in the 6 grale, 
3) My Cousin is avery good beseball phyer 
Ts Shes answer Correct 7? 
>) Beth says that Joe's list does not work. She 
says the third sentence tell, you some thing new that 
i> not implied by the Sivst Ewe, Do you aavee 
with Beth! 
II) Nancy suggested this Jist : 
DAI] the teachers in this school ace tall, 
HThis school the lecgest school in Oregon. 
3) The teacher \w this clase is tall, 


Does Naney ‘s list Ons wer question P? 


BY) Jerry Says Nane y © Thiege ales Ae race 
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Questinn 8, hecause Le 3 and Jou don't heed pe, in 


order te get 3. Oo you agree with Jerry? 
3) Can you make up & |ist to answer question B? 
i) Al suggested this ligt: 
) All policemen are ball. 
a) Henvy is a policeman, 
sywileaey’ is tall 
Does Al's list answer question &7 
I5) Te Says we could ovite the inplication in 
Al's list this way! 2 3 
Is Joe ight ° 
1) Jerry says i$ yow tell someone Als Sivst tun 
Statements, then he would Know the third statement 


even id you didnt Tel/ him. 
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Peay 
Js this what E len meant by Umplicakione! 2 


IT) Can you make any more lists ts answer queshon P? 
(2) Bart sugested this list: 

) Sevry had & sodas 

A) Jerry lost QA marbles durimg the day, 

3) At the end of the day, Jevry hal 3 marbles, 


Does Baxts Jist answet question ane 


7) Al suggested this jist : 


1) Theve ave twenty~ five students In this class, 
A) Seventeen of the students in this class ave boys, 


3) In this class, Be ob the students are boys. 
De yaks think Al's list IS Qn acceptable Qnswer to 


Gu estionw ¢? 


2D) Wood y Says that some btimec yaw Can get seveva| 
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DB ipleations Stom the Siest tuo ctatenerts. As an eumple 
Woody Suggested this | 
) There are twenty-five students in this chss 
A) Seventeen of the students in this cless ave boys 
9 In this class, 25 of the ctulents are boys, 
4) There ave eight airls jx this class, 
5) In this class, BE of the students ave quis, 
6) There ave ynove boys than givls inthis claes, 
"Now, Says Weodyy"if we have this list of six 
statements, we ean oxess off the 34 because 42573. 
But we can cxoss othe 4 because 1Q=7H And we 


Can ¢cxoss of $ the 5* because L256." 
QD es PROS with Woody / 


2) On Woody s list, tan vi CYDsSs of L the L%ctatemet? 
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© Trittee thet Lae? 

22) Ellen says that Woodys [ist is a perfect example 
of What she meant when she said that q \st of statements 
can sometimes be shortened by using the idea of smplicatiin. 

De you agree with Ellen” 
33) Wayne said that iS you had this list of \denbtres: 
peel eA 2 
' 2 (38x7)+A =A+(3xV) 
then you Could oxoss off the second identity, because |=P2 


Do Jp has ance. | 
24) John said that he doesn’t think Wayne Is wight, 


What do yeu think? 
25) Wayne. explained his jdea this way: 


The | dentity M+A=AtD tells me that, whenever 
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Tim going to add tio numbers, it doesn'€ matter which one 
Fa en eCPNinieWen che Turtle on the 
wight. 

Now, I want to add (3x7) and A. From this 
Gist identity I know thet T ean voeite the (3xV)on 
the lest (2x7) +A | 
pli cawuitentiton the vighth. « A+ xv) 

Evther way, T get the same answer | 

(3xV)tA =A+(3x7) 
D> you agree with Way ne ! 

%) Paul says that Wayne's argument could be 
written like this: 

OtAsA+O => (3xV)tA=A+(3K¥) 


JE, idl eight ? 
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pane §/ 
apyCan youmake up Five identities which Sollow Svom 
the identity Be \eaanHal 4 
28) Beth suggested this identity i ansuer to 
question 27! 
(Ox3) +(S XA) =(SXA) +(Ox3) 
Is Beth wight: @ 
34) Joanne suggested this identity in answer to 
gues tion 27% 
(Ox3) (5% A) = (s¥a) 43xQ), 
Ts Joanne wight ¢ 
30) Paul says that Joanne's idenbity does not Se/fow 
Sem +A=AtO alone. Hesays that you need both 
O+AsA+0 ond QXA=AxU in order to get Joanne’ 


identity. Is Feu eight ¢ 
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31) Dexry Phys we could write : 


At+A=Ar0 
ea ae — (1x3) +6xA)=GxA)43x0) 
Oo you agcee | | 
32) faulsays that the identity OtA=A+D 
permits You bo write 
(19.13) (5x4) =(5xA )+ (O¥3) 
and then, the Wdentity OXA =AxO permits us 
oe ie be 
(Q x3) +(SXA) =(SXA) + (3x D), 
Do you agree with Paul 7 
33) Henry says You can fake an identity like 
[Ell Seiya co ayer Ea, 


and write what evev you Want jn the | ri, provided 
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pege FS 
you wovite the same thing in the 2% O. 
Ts Henry vight ? 
24) Using his method, Henry writes VET 1h 
both squave>, ang gets 
(Vt7)+4 =A+l(Vt7): 
Is Henry right ? Is this an identity? 
35) Geil says we could write 
A +A=At+tD => (W172) +A = AH V+), 
Ts Gail ight ? 
%) Can you wake up an identity which Follows From 
O+A=A+D) by Using Henry's method ¢ 
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KC, WA dding"” State pence 
I) Mary liKes to wraiths implica son this Way : 
Cream dep diye leas, 


Propyl is @ cab. 


Propy| ets fee Jeqs 


How do you like Mary's idea % 

A) Can you make up an example such as Mary , 
where two statements toether imply a thivd ¢ 

2) Bruce gave this example: 


My father Ga lawyer. 


Jerry's Sather is in the Same profession as my Sather. 
Jexry's Sather is @ lawyer, 


Ts this example correct ¢ 


4) Evelyn aave this example : 


4 } TINY x * 
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pase BS 

Silver is a metal, 

My Spoon ‘s made of stamless steel, 

My Spoon Is made of metal. 
Ts this « goed example + tur statements that imel ya wl yah 
state rie. Pa 

5) Paul disagree s with Evelyn's example, He Says that 

1S you tell somebody that "Silver i's a metal,” and ‘§ you 
tell them ‘My spoon )s made of stamless sel, {You have. 


not told them that Your Spoon "I's made of metal, 


Poul agrees that they may Know that stamless 
steel is a mm etal, but you didnt tel/ them, 


He Says that yp licabson deals with what you tel) 
them, and nob with what they know. 


Do Yow aavee ein Yul ? 


b) Gene suggested this example 
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pase BO 
)) All Trees have leaves, 
2) The cacta| po- tree has green Jeaves, 
3) Maple trees have leaves, 
Ts this a ¢ase where ad =, Bie 
7) Jexry says Gene's example 1s not a case where 
yoke S257 2) Ob Vo agree l How would you write the 
limp] icat ov ; 
’) Kathy Says she would write Gene's example this Way’ 
| => 3. 
Do you nace | 
q) Marie Gave this example « 
ie have two Avnecitaya Cows mM my hand. 
There total] value is eleven cents, 


One coin is a dime and the other is apenny: 


What do fou think o£ this example? 


/>) Can ou na Ke up an example of two state ments 
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> which Eoget he imply athwd state ments! ) That IS, ie 
you tell Someone the Guest Two statements, You have) 
Mn “fect, automatically told them the bhied, } 
i!) Ts this a correct implication ; 
Dig A reeAy al 
BUGS = Ayia 
(3x) Ka) =QxV)+(3xD) ? 
Which oS the Sollasing are Correct statements of impheatioy ? 
/2) ee nee nme) NY, 
US) te Ay) 740 eB) 
3X(A+S) = (3x5 )+(3XA) 


®) o Gees S AeA 
AxD =OxA 
(2x O) =(axo)+O 


1) Ox(A+v) = (Oxd)+(axv) 
Pe XApSVA Xx ii 
Dx (A+V) = (AXD)+ (7X0) 


>) 5) OxlA+7)=(Gxa)HOxv) => Ox(dta)=(0x4)+(0x3) 
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/o) Parl wants to Sind the smallest list of identities 
that wi Il imply all the others, 
Can yu begin such a list 2 
7) Pauls Father says tut some identities ove so 
important they have been aivew names, 
Can you name any of the identities? 
12) According be Pauls Sather, these are some of the 
‘dertbties that have names : 
A+A=A+0 commutative law fo addition 
DXA=A+DQ Commutative law Lor roultiph catvon 
(O+A) 17 =OHA +V) associative law Soy addition 
(DXAXV=DX(AXV) associative law Sor veulbiplicat bw 
Dx(A+V) {DxA)HOXV) distributive law 


Oxi =a ynultiplication Identity law 
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O+o=9 additive identity Jaw 
Ts foul's Sather right ¢ 
/9) Sexvy says that the law 
[BEX eae 
serves to determine what we mean by 1, He says 
we ean explain what we mean by Vay by agreeing that 
aes \ust a new name For rales 
He says Tey 1G just anew yame for 
Atl, 
Can you explain TEAL GCs Jove explain what we 


\ ore ¢ 


mean by 


‘ae eS ee - oe Ls 
a ve) ae NS wy IPL ify u ae a 
is ic i , ® 


7 : 


Tipe ~~ ahetie | 2 Bee ye 


‘wail ott Sd Foy eae yrrel et 


o j i oo ae 
YC Nga bedtu Gai ye OS0) One 


K ( DAT ae THAW AMIGNY a =) 


- a 
ss * ~~ Ft * Y 
YOrR BPR EN A) RR Pe eyne 3th 


rye 90 
Uf Equations, Tdentities, Craphs and Signed Numbers 


I) Paul says the major topics in this course ave: 
Equations (and Truth Sets) 
Tdentities 
6 vaphs 
Signed Numbers 

Do you agree with Paul's list ? 
Cam you Find the truth set for each open senbence? 

a) 3+ OS 3) 1+(axQ)=!3 

4) 3+ (2xD)= 2) 5) |+(QxQ) =15~ 

b) I+ (ax D)=b 7) I+ (QxD)=9 


Nat(axO)=6 9) ltl xO)=ab 
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/0) Sits) in the Grote vod, 
1) une isE Ne | Leachevion Whis teld sc. 
IZ) 7+ O=Il 


3 14l4OePr? (Use only whole numbers.) 

4) Be 1s(axD)eil (Use only whole numbers.) 

I) 3< IHAXD)e |] (Use vohole numbers and 
£yactions.) 

I) (xD) -(/3 xD) +2a=0 

1) (Ax0) -(SxD) +6 = 0 

8) (AxA)—(i5xD) +50 =0 

) (Ax0) -(8xD)+1s =0 

40) (OXD)-(9x O) +)4 =o 

Which of the Following ave identities , 


al) Ox[(OxD) +ab]= [9x(OxD)] + a¢ 
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a) \(Dxt)« (Ox0)] +frix(a40)] 4 Sus 
= Ox«|fyx(Dxoyrisg | 
a3) (H+3)x (O+5)= (xO) +(8XD) + 15° 
a) (O+2) x(O+5)=(OxO) 7x0) +/0 
25) (+3) x(O +) = (MO) + (7x0) +12 
4) (O+2) x(O ti) = (0x0) + (3x0) +a> 
27) (+3) x(Q +) = (0x8) +(ex0) +15 
at) (O+a)x (Ot?) = (Ox) + Vox) +/6 
a) (Ora) x(O+9) = (xO) + (Sx O)t/7 
Can you Fillin the blank spaces soas to get an 
identity 7 
3y) (+2) x(D+9) = (Ox) +(* xO) pet 
4) (#3) x (O44) = (Oxo) +(_2x0)+ 


24) (043) x(n) = (Oxo) + (xD) + 
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x) (O+5) x (O+7)= (OD) +(__ v0) + 
34) (+2) x (O+6) = (Qx0)4+(2 x 0)+_*% 
Can you complete each identity ¢ 

9) (+5) x(O re) = 

3) (O+5) x (Oil) = 

37) (O+2) xX (413) = 

3) (+1) x (Ota) = 

39) David says that the identity 

Ox (A+V) =(QxA)+(Ox V) 
Brves him two difGercent ways to multiply 
4X Aly, 
Can you Figure ont Pavid's tuo methods ? 
Multiply : 


40) 8X Q/s 4) 6X 5/3 
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Pie’ Xas a: 43) 9X QV, 
44) AX Ql 45) 2X5; 
46) 10 xX 3'/> 47) 4x34 


Graphs Using both neaative and positive numbers: 
49) A=1+(3x) 49) A=3+4xO) 
50) A= | +20) Sl) A=(340)-2 


52) A= (5x0) -4 53) O+A=20 
54) Ox A= 3b 55)(OxD) +(Axd) =a5 
sb) O+A=12 57) BEA 25) 

53) DtA=8 


Can you eed the truth set fav each open Sanaa Z 
59) Os 60)8+ O-¥ 


6!) IStO=/0 62) lat O= 79 
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Can Vac decide what each answer ehould be? 


Explain with a ebiry. 


Coe p35 = ak Caper | = ps 
GO ta 2 ane CU Oh ee 
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VIC ame 2 Farkes : 
1 ) 7 
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13. Derivations 
) Brian Says this list ean be shortened | 
Ait *£ 1) OxA=AxD 
2) Ox(A+V) =(QxA)+(OxV) 
3) Ox(A+V)=(Ax0)+(0xV) 
What do yon think? Can you shorten the jist? 
2) Henry says that |) dnd 2) => 3, Da yourgree’ 
3) Nancy Says that you can start with 2) . 
Fx(A+V) =(Ax4) + (0x7) 
: Now," she says, ‘ number I) SaY5 We can {lip the 
Square and the Triangles 
Jee NY ) 
oO pe) =u +(OxV) 
ond get = xlA+V) = (Ax 0) +(049), ” 


Ts Maney vight % 
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ry . et ed ce } 
Lies « 
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t ‘ Orem f pear { Prema, fe 
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ry r and y es A % 
Oe) . | f i ! r Let ; i faint \ hy 
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A x rane 
i‘ ) ' ' } { € 
. ‘i)) ML Mk ME 


ice ‘ei, s “ 
cs ainteiate Sar, Sin ) : 
% 
+ = J : .¥) ‘ w A i * . 5 De 
: 4 7 ae | ‘ \ I \ 
\ ¥ Yond is \ a 1 ¥ * hy j 
it 
’ fs % +2 ‘ 5) 34 _— | * fig 
“4 hes (j \ 7 \s q 2% , = 43 < 
* ft / . Fis } a . 
oylem BF Fea: Bek ok 
\ , ine ps | A 27 
ate, i+ ¢ Nx xf) (Vio : 
“1 f 
: 


eles eee Teo 7 
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4) Pant calle this "slipping on the mu |tpheation sign 
Oox(A+y)=(Oxd) + (Ox). ” 
Does Paul's phrase sound descriptive“ 
5) Cam this list be shortened? 
hist "7 ) DxA=AxD 
2) 0x(4+V)=(Dx4) +(DxV) 
3) D+A=A+0 
4) Oxld+V)=(Vro)+(4x OQ) 
G) Can you start with*2) and Sillin the missing 
steps until you end up with #4) ¢ 
5) Ox(Atv)=(O4A) +(OxVv) 


i 


4) Ox(A+V)= (Vxo)+(AxD) 


5 ' ‘ J be 7 ae , t he Ws) 5, « 
1 i. bata \re ae Ui re 
ry f 


AP A YEO a iy Mee » ob agit ot eA 4 


a ar 
Wa elles 
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5 ae A) “ eS Ais fae 
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FpoSe 7% 
@ = The idea is to take ust one step each time, 
1) Is this devivation covvect? 
2) Ox(A+V)=lOxvA)+(0 x7) 
) OX(A+V) = (AxO)+(Ox Vv) 
) O x(4+V)=Axd)+(v x2) 
4) it) Ox A+V) =(VxD) H(A XD) 
f) How tan you justify the step Som 2) to t) % 
ad ) How can you justify the step from iv) to ii)? 
/0) How can you justity the step $rom ii) to moe 
N) Did we end up where we were supposed to? 
I2) Wayne Says you can \usbify the step from 2) 
to) by identity 1) on the list, which permits you 
to Ship on the multiplication Sign 


Ox(A +9)= GA) + (OXY) De you agree? 


tu 4 


Aen 


Seu SAT ica a Soh a 
“1 pte eh fle im cst ns 


P44 qq 
3) Nancy Says yao Can justify the step Cpe i) 


fo ii) by using identity |) onthe hst, which Jets 
you Ship on Ehis multiph catsow 
Dx(A+v) =AxD) +(OxV) Do you agree? 
HW) Terry says you can \ustify the step Srom it) te 
Wt) by using identity *3) on list #2, which jets 
you interchange this numbec 


Oxl(Aty) =\(Ax n) Nas (vx 0) 


and this number 


nxlatv)= (Arvo) (v«0) 7 


by Fhgping On this Ad dkbes Sigh 
F)x(A+v)= (Ax) + (vxo) 
Op You agree’ 


Is) De guestion | 7), id Jexry use the ident ity 


' 
, i me \e . Ny , ee er i a | ba - 
0 ya AY NG i et ae Da i en a 
4 * 7 \ 401 Ky 2 iad ) fo we 
ery ty ee RNa me 0 y 
he rs f. | j 1 \ a | hs, as a \ VY: tAyk A 
. w " ; ‘y ; } f ‘Oo BO \ é 7 De YW ' y % v j 4 
t . 4 ‘, y ia Y 
7, a Lo * Ae ae 
Ay | J? th fi \ ee LIN OM) Are ig 
‘ \ 2 : 


| ets 
i, LAG pra ww 


on ; : 


ape j ; = 


; j 
A c 
‘ear! ba i + ey 
’ ——th ‘OS - ‘ ‘. ( — 
: ST Bet pe a3 w ‘e208, had 
my wie WVO1 Gy ee ai: Mes cnr 


Ov) + Gaara ine 


* 


ih ry ana Soh) 


pase 100 


O+rA=A+Q 


Covvect ly ov not 4 


If these were too easy, now we'll give jou a 
hard one’ 
hist * 7 ) Oxd=AxQ 
a) Ox(At+V)= (0x 4)+(OxV) 
Sy AV a AS 
4) lax’) Hex) = exe) +exd 4lbrc) H(bad) 
Is)Can hist ® JL be shortened? 
17) Charlie wants to shorten List #ZZ, He claims 
that |), 2), and 3) 7 7). Ts his descripbiow correct? 
i) (arb) xC+d) = Beh) v Ged) 


ti )(a+b) xlerd )= [larb) xc | o [e+b) x 4] 


‘ s) a ras t 
“d i « | 
ty oF 


net 
drcit: 
ha 
at 
natin sy 
3 
s al 
ee ; 
: g | 
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itt) (arb) Xe+d)= [ealarb) ] + flarh) xd] 
iv) (arb dale td)= [exarb)] + [a x(a b)) 
v) (atb) x(eHd) = Cxe)Hexb) + [ed x(arb)} 
vi) (arb) x(c#d) = (axe) +(exb) +[dx(atb) | 
viL)(a+b) X(c+d) = (xc) + (bac) + Ye x(a4h)] 
viii) (ath) x(e+8) = @xc)+(bxc) + (dva) +(dxb) 
ix) (ath) x (cd) =(a xe) Hbxc)Haxd) + (dub) 
x) (atb) x(c¥d) = (axe) +axd) + (bxc) +(dxb) 
xt) (@tb)x (4d) = (axe) + (axd) roxc) #(bxd) 
18) Mary says it is always legal to start roi ce 
trivial” identity, such as 
(arb) x(e+d = Carb) X(c+d), 


LA MEcivial ” ident ity has exactly he S4me thivng 


® on loth sides. | Do you aavee® 


A pe hud trie | 
Abt) fea gat: m( ot dN, oan i 
oan yt Sesh ince a 


t 


if 


‘ 


Feces pss 
It) Can you \ustily each step in #17) 7 
a) harvy Says he can justity the step from t) to ix) 
by using the distvibutive law : 
Dx(A+V) =(Oxd) + (axv), 

Marry Stys we ean substitute any number nts 
the I square, a5 long a5 we pub it aleo into the 
Meee then <ouaces, 

He guts asb jnto the squace, « into the A, 
and & into the V. 

a+b] x(A+Y) = ie 
What “right-hand” side does harvy get? 
4!) Does Larry succeed in getting From step i) to step ed)? 
#2) Can this list’ be shivtened / 


hist #TL )OxXA=AxO 
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a) Ox(A+v)= (OxA)t+ (Oxy) 


oy) (ee Vay eryal se to 
4) ot (bxc) = (exb)ta 
33) Marie says thet 1), 2), and 3) => 7) 
Do you think she is vight ¢ 
a4) Alan says that we can devive 4), if we 
BEM ty they eaciuinly identity 
at(bxco) = a@tlbxc). 


Can you complete the derivation 7 
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19, Generalizations 
) Ruth's list of identiti-s ‘mcludes these! 
zl og 
doe IL) = (ae 
7 selec esi Bal ey, 
I94oxC] = LIX 1%60 
» — 4.000,000% LI = [] x 1,000,000 
it yeild. = A eo 


Can you Find away te shorten Ruth's list? 
2) Jexry ls Mist of identities includes these: 
Cx (A+3) =(0xA) +(Ox3) 
Ox(A+tsy =(OxA)HOKs) 
Las(AN 20) (IRAN) 2 (il) 


‘ Copyright ©1960 Roebect B, Davis 


nage 1a 
Can you Find away to shorten Tecry's liste 
3) Can You make up some more identities like 
tyose on Ruths list ? 
+) Oavid says that on Ruth’ list you Can 
toKe any number and write it here 
ey sibel) cael ip eli 


Qs long, aS you also vovite the same number here 


a lly eles 


Do you aacee! 
5) Nioxie Says we can write Chis 
‘yx LJ=ell vt 


Do Ves agree’ 


b) Case, you explain nat ‘Mache! nein’ by 


wert aN at u ° 
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?) Alan says Wwe could also uvite this 
JSG. 72S 


Do you agree 


%) Cae ) aime Wake Up Some move ident: ties 
liKe Those on Jexvy's list (in question 2) ¢ 
) Naney s list of identi ties includes these: 


[FJ+3 = 3+ 
L1+3 =#4+0 
LI+h = t+ 


Ol +5600= 500+ 0 
D+ 1492=/492 + U 
Can you finda way te shorten Maney's list ? 
jo) Lucille's list includes these identities: 
(O+3)x(O43)=(0x OD) + (6x OY +9 
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(O+6)x(O+s) = (Ox O) + tax 
(OH )x (+4) = (OxO)+ (8x2) +7¢ 

Can you make up Some more identities of 
einen Son | 
1) Can you Lind o Woy to shorten bucille§& 
hae 
2) Can you complete these dente eneeee 
(L]+2)x (+2) -(Ox0)+ ¢ 
pe) x(t) =(OxO) ee 
eax) as Cy See eee 
Neleay (ls) Cex El) Fe 
13) Cam you use the ident iby 
(a+b) x(c+d) =(axc)+@ yd) + boxe) + (bx 1) 
to \rel b you in questi ow TAY 


\ 

i 

oy OSE 
ied es of 


\ od}: f 
RNY A OX o+t 
iat 


wap 
DAN AIOE 
‘% 


= Gis @ule 


kta 
eee 


Page /0¥ 
4) Can you use question 13 to help 
shovten your list of Tern Teae 
15) Can Vy Ot make rp an identi ty that 
Ww || general i2e this patt ex mG 


a; x 
me IP aR - 3+a 


AX3 
[ 
Bie eee aes F/ tet 
ae 7 
Jhon ell es Gia s 


ape 4) WS 


a} 


; | Teamein ye 
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a} Ma: r 


wet ee a 
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Can You MAKE Up Some more identities 
i 


of this same form $ 
7) Con you find a way To shorten 
Jerry's List Cin problem ic) r 

IZ) If we Keep shortening ovr List jn this 
way, wheat edo you think the final result 
will be © What will be the shortest 


ist that "weiWo stil be Raa 
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ti oye 4: ~ bs; iT he AD) rf 
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20. Repeated Applications 
) Manys List of identities includes these: 
(ee loa VY re Bla A 
EAP ey,  WArar Seis NV Ara” Sl eet ay 
Ax 5 +O+4+VtV+rq +O +5¢ a 
Can you find a way To shorten 
Mary's eu i 
a) Jerry says Thot 
EL). S2 = 7aN Po Oa AN oe orm 


imelies 
Maree tg Sot Viet Dea 


Do you agree ¢ 


3) Jerry worked oul the Implicccion 


this wo y : 


iY eo | ar Cee 
\ : } iY , ; ven y 
e's 
‘ cee 
ei 
i eanpe: ay ot 7 : 
adic iiden bd botmome: net | aa (é 


J 7 Orv . : ; i il, 
> ers: | a oe oe ee eer eer =)’ 


Po.ge Hl 
ees Vi +3 = Eira eV +3 


(He started with eettivial ‘ identity, ) 


oeeie a ets) = ela) yee 


Ciera tV +3 = A+ Vy +E +S 
eee tse- \/)t 2 + Blees 


v) O ra+V +38 =Vtra+3+D 
Vi) Ol ta+V t3 =VtsrargQ 


viii) Dl Sa Wwe SS SAE l > eg 

As Jerry's demonciraition . cocnectme 
UH) Can you explain how Jerny got Srom i) fo ii)? 
5)Can you explain how Jerry got from iL) to iti)? 
6)Con you exploin each step in derry's 


demon sl ration ° 


7) Con you shorlen Mary's List 


rpwW betore aH 
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in question es 
) Wheat do YOU — SUPPpose \S the 


shories! “comolete” List of identities ° 
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el. Names Fon Numbers 
\) (2+5) \S Oa name for Some number . 


(Cogs yov Give another name {or This Sam e 


number © 


2) How eDY nomes Can yOu Give For the 
number aT +@ ) if 
3) Jerry Says that the NA eaN ING o the 


SiQn eee aa I$ that you have Two HAMeES 


for The samen number. For Cxamele , 


Rrgrats 
really means that 


is Qname Tor some number, and 


q+4 


ergdenuyl me 
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ee Ake ae 
eT 
Tain 

} 


Rae \\Y 
1S A Name for this same number. 
1) em we mad oo Close -Up photo oF Pablo 
Casals, and w distance shot of Wi ws 
ond a profile shot, and w~ picture 
from the rear , we would have photos 


of how MOY peo ple ¢ 
=) TE we have these names 


Wit. S+Q 
Vikas ME ey¢ 
12 x= 21-4 
4x Yo) DA*G | 
how mony ALEFer ent nombers cdo 


Ooo Sha eee 


G) Joe. SQyS That 
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¥ oo Mh ne 
Abie TOM “litera as 


vii 
VS CYT 


Prose WS 


a3, 
Sees 
Saye 12> 
> Fare. 
3 
are all names for the 


Same Number, 


Do YOu Qe ee u 


7) M ory Says Thott 


+1. eS: 
aa 
fe a5 


Ore all names Son the same number 


Do You QQree g 


Yage \\6 


Q) tow MON Y different Numbers do 


we have On a eas List S 


3+ 


q) We question 9, which number is represented 
on The list by the most hames ° ote morn y/ Names 


for this number are there Orn the Kans 


ergot 2i aden Moneta: 8 fees a 
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10) Jerr y Says that we May Cways re place. 
one fame fOr anumber by any other nome. 
Cor That Same number. DO you aqree 
1) Elizabeth Wilson sits In the back 
now + : Can you replace Elizalseth Wilson ” 
by Some other name for the same girl ¢ 
12) Marcie Says that the Adentity 

fav Gay YS la aval 
really means thot 

Shays 
‘Ss oO Kname Fora number , and 


H+ 3 


's another name for that Same Number, 


Po you agree iG 
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13) Al says that 

ee @b ro) = GusCce bp) 
Can be derived by starting with the 
Teivial identity 

a+ Cbsce) = a+ (bec) 
and then USIng the \dentity 

Bray SN ale 
which says that 

b+e 


\S Oo name for & Number , and 


Q+bD 
\S onorth er name for Weveay Sam ee WUMDEe- 
eee SS —_——— === ——— eres, ae 


Consequemtl y ) A\ writes 


a+ (bac) = a + ( Ne 


| 7] 
Now, in the © SEYeKS ee 2 UIs Qano\her 


ES! ea ee 


{ D petit oy 
(4o5 4+ 2D = edd tp | a 
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nom e€, for the number. Which Warm & AROe!es 
Repro se 


144) Wy you have rive Mii ck ‘cleaiherme 
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(o.+'v) x (c+d) = (dic) x (bea) ; 


Can y Ov make YP O& derivation {or es 


y 
by stacTing with Ahe t+eiurial 
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(ard) y Curd = Caab) x (ad) © 
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22. The Axioms 
1) Suppose We Spent Ayear writing down 
every identify we could Think of, 

Suppose we then ssent a secand Year 
Trying to shorten this List by every method 
we could Shink of. 

What de yoo think the long list 
would leek Vike © Try to rite oot 
Some jndicotion of whi this long List would be, 
2) What metheds covld we Use To shorten 
this long List t 
3) What do you think the final List would 


look like \N rite Some identities thot You 


think would “stilt be onthe Sinal List. 


» Tih re By 
Bes iP ke Se 


baad hae ht i? 


Foge hoe 


e The Nol\ow ing Oat e oe POones Knocoan 
as a Set LF ayioms ° 
Rye yea) 3 aia 
Se dae: ee uel 
Sp 2 Oy We See 
AN ES ie Yee ey eg 
AVE ey BL = AX 


6) mx GAL NS (ax A) + Coys) 


Besides this List of ayioms , we have 


the Nollowing Last of names vor numbers: 


eet ee || 
oa eae 
N= 34 


er coe Ms 
; ive ; y ¥, 


-. HO BREF) hava) ) pera liar af 


i ged iO, 79 


is 
ei ri 
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‘ an i ep! ae ie 
{5 eae + l Bt ed oie Wo 
ei “” “ & i | ri & 
a? 2omon ta Tei ‘eee Chien aim 
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Rage Veviels 
G= 54| 


1\9G I> 1961 +\ 


Qoestion! Why do you suppose Nhat 


this List of QXiOMS, and this List 


af names Con HUMDERS ) are important ~ 


\ ff i : | v 
th 4 AG Tes 


+4 


“7 


Faqe 3 
Se Signed Numbers 
)) arn yeu marke. OS) (eS slory Ate Corres pond 


“a5 
Yo Dh te S = t 


Whel do you think of ~hese slopies: 
2) Bill interprets “a+ “3 This way! 
Some bod y Gave you hae 
Then somebody gave you ¥# 3, 


As ey nesulT, YOu WSR Mats #5, meher so; 


4 Pe gt 


"A he Scere 
3S) Derry Says vNeS wo cerlain stock Wer] 
Ve =) soinls Slavs clay Vhen. \he neyt day , 


iT nose Whee e PAINS. 


So vor the {wo- day periad , 
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The stock rose o total of 4 ponts. 
H) A\ Says som ebod y Gave Y Ov 3; oreces 
F candy. Then somebedy qave you 3 
pieces ot candy. As a result y Ov had 
5 pieces of condy ? 
ial es Sa Blair: 

Ns SC 

The postman brovght you a check 
for #2. And then he brought you check 


Cor bY 
This is the Same Ahing asf he 


had brovahtl EO ate Single check Gor f §. 
6) Jerry SAYS Shoat o\\ Qood Stories Sor 


4 4. 
vse S = 7s mus have. this ln CAMMON = 
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e +. \ ; 
L) X must be w Qcin: aps BY Unils. 


ul) a Ane Tae Mm CANS that 4 


haeeened , and then r 


GNSS ha Ppened : 


ic) “3 must be co “Oc ity" oS Sees 


Bo you agree r 
7)\Gan you make up a story for *a 473, 
and compare it with Jerry's descriptions 
2)Can you make up a stony ‘or 
MSereme oe you!) 8 
q) Mare suagested this story: 
NMovlcroond Bs. 


‘oom redicis ne ) 
Vi hetat a, il) Pel rave | i ap 


\ wes 72 aiAr ane topeve ane | 


| | eR benuol roe a a 
| | FG aes ¢. i tie 


Po.ge IAG 


And +hepn You exam ee 
Cons SoU Soy) you Wene $2. richer yor. 
EER ele 3, 
IES this Ge a 00<\ story ¢ 
0) Billy SAYS that al| qcoc| storjes vor 
“iS alee 


musi have this In Consmoan ¢ 


», \ I 
L) Ly ra Usa De a “QGin of 5 Ose 


Cente nsec ys that 
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ai lakes 


hapeened and then 


/\ 
this | 
® happened . 


a he = ee ay he 
| oh ent F am ae 
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Fee [x7 
Lu) me ay ust be Realecae of on Un) Ts. 
11) Gan you make Ub a stony Fer 54 2:__, 


andl Com Gore iT with Willy's description fe 


Can SOS make Up stories Sor Cach 


of these 4 


}a) S++ ihe 
iQ) Buna Mora oki aan 
VS) Te RSI ey “tee 
0° Sit pean 
16) Bees eis an = rns i 
pW eee eS | ho 
Meets bs Oma SEI i, 


Io ) AWN hewn we come to. subtraction problems, 


Poa [2% 


9 instead oS ha vt Ng 


} 


Ahis 


happen, and then 


+ 


this 
ha ppen , we need a& differen | inten ere Tat ion, 


Wie need +0 have 


SWS 


haceen , Sune then we need to ~ Soon 


sO? 


\ 
Ahis ; 


Pooye pS 


Can ny ohe, make Ww e Ou. stony Or 


¢ 


ene me 


Sie ae a 8F 
20) Jerry made vp a story: las 4 
weel< you found $a (a™Qain’ of SUnity ont). 
That has already been recorded in your belance , 

“Toda y | however, you receiued a ait SBS, 
and you also founcl the ciqhtiul ornern of doe 
BX soyou gave it bac Ko 


a 


OS Sain KIS ° 


bUT at the same Hime, Undeing” 


- +) 


RET EY 


Qrn earlier Qoun Ose bo 


iV ip 


Fa.a | 30 
Se thot the resulty of the wo Transactions 


Today was AW ALIN of £3: 


Do ye Se With Jerny's inter pre Re repiy ts 


21) Mary SYS there were actually tin pee. 
Frangactions in Jerry's story. \alhat were they { 
22) Mal hich one aici el SCT par dia the calevlad | Bho 
Why not? 

3 ) Henry Lay s Jerny's answer Should have beep 
ook heccuUsen erhead aa aos Sound ythen returned, 
s0 14 cancelled ast. Do you aares © 

24) Jerry SAYS if youre Qoing To “undo” Sey 

earlier Transaction, yoo need To explain what Twas | 


but since it has already been recorded all you. 


| 


os e on Woy *} eye. 


a F - - 
‘i a 
af} 7 


7 a* bY) 
‘T Heer “> K LegrT Oat Ati : 
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record now jis the operation of Undoin ata 
Sage see acid 


Oe Y 9U aaree ! 
25) Marie says that the three Yransactions would 
satel {fh KP ane 
a. 1 Ay ae ene 
but hat the Lind ing of the $2 happened 


last week 


I} 


(recorded last weel< ) 


Gnd was recorded then. 


\alhot happened teday was; 


conf *, Fexorning the 8 3 (from last weet ) 
of FS St Smite. right 4 ol ouner 


i u 
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i 9haa5357) 


Sl a RO ee ee 9 
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angina é gi SH Am pt me Teenie 


ad’ ARTE SG aS 


. Bu es bey Aha pes eri a+ ii, 


Vo.oe koe 
So, the OSS Oily of today's icctncoretinr shov\d be. a3 

Do Nee al SS ¢ 
2C) Dart made UP this Stony ¢ 

We 

Five YBrS ao a thieS robbed me of BH SOD In 
rare dd Going and escaped hefore Ne cand cate ) im. 

\\ 

Today i SQW the thie On MainStreet, he 
called a policeman and with his helo we captured 
the yhie 

\\ 

Lreceived ae HAO reward j aone\ AY Ceesics 
recovered iN miSSing MGCOM in Ld Coins. 


: TL can write Voday 's results like Ahiss 


1\00 
oO. AOI oon anole) 


*100= 7 S00 


plus , Undoing eS aae logs at § Soa 
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us the results of Voda y 's activity is 


*\00 aS See SS 
OU Aa-' ry of $ GOO. 


Is Rari's story ocorrect interpretation’ 
27) Five oe OO found $3. 


Today ee Corned BSS , bot you alse Soune 


the owner of the § 3, and rerurned it, 


Wow Mmouny Transactions were there today ? 


Con YoU write an equation Lon toclays Treaneacdiong ° 


52) “Three YEARS AQO ov (ost £4, 


Today you earned $ 10, and YOu also bed the. 
missing $5 cevurned to You: 


How MON ¥ Transactions Gare described here ? 


How many 3 PANSACTIONS Were Lhe ye today ? 


Can you wri Fe an equation for taeda y's Transact ions 2 


na, x | AST oer Agee ee 


Te ae kad shel osama eran x’ 


ies wip” gard enolt Rare ¢ "phy oe 
is 
chase 2 shat. 982 erent lk sh 


—_ ; ’ i>, ane ee = ‘ 


Yage 


MM illeedacs the: story, Soe 
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Pipe fiim the ubey Soc 
ome 4a. Bhe 6 
30) How does the Story Sox 
OS) eh 
: diflec from the stoy for 


ay + nD ae Gor) ¢ 
Axe the Wisitencmenrsetc he. came ¢ 
31) Diane eays that every ood story eG 


S ulotyactip Y\ 


a ea Nave. ae 


hes 
» ‘unhappenig » Ov being undone SomeNow, 


Va 


j 
r* 


~ - 4S 
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How many Ways Can you think of to explain 
something beg undone ¢ 
9a) Movie says iF money was lost, this past 
loss can be undone i today the money was 
cetuened, Can you make up a story like this 
to explan *7- Q=__¢ 
What hagpened today? 
Wat lad hap pened Gb Some tine in 
the past’ 
What was the vesult of todays transactions? 
33) Alsays that it you weve voobbed last novith, 
this loss (represented bya negative number) Can be 


Undone. 5, today, the police Yecover the stoley, 


money and veturn it to yee 


uP 


ic this 
| D ad vit oH ah eid 
rS 
easy S210 


fii?) 5 + 
amy & 
‘makes de 
e sats 
S70) 
we a, 
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8 Can you use this Kind of story to explain 
cee 
34) Bill says that *5 yeceived nthe past is a 
past gain, Tt could be undone, today, i$ it turned 
put that you had been given a bad check, 
Gor you use eaider ato nals UP 0- story Lor 
VY 6 
» 


What happened is a 


What had happened previously / 
Does "8-73 = ‘e present only Eoday's 


Exansactions , Ran ons xepresent ol} ares 


EGS RUE @ 


35) Parnas eng ts a CON represent a*) 
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mail which the postman beings and subtraction as 
mail which Ehe postman takes away (because 
yestevday he delivered 1 to you. by mistake), 

Con you make up some addition and sub- 
traction problems, and explain them by " postman” 
stovies ¢ 

3b) Sexy says there is another wey Tp “Undo” ee 
past Aain ox loss, Suppose, Fox example, that you 


mode $ g in Lwe dys 


nd 
i Norete 


\*d 


| SB ioto.| a R, 
and ype Know +\act RN made ak yesterday 
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da | 
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Tn order to Sind how much you earned two days 
ago, you look at the total earned (FP) and Yundo! what 
you eaxned yesterday EOD ae keyrard RE A veo eR 
you eacned two days 290 
Con you Write an equation Sov this stocy 
32) Can you make up o story of this same Kind 


ios explain 


38) Con you make up o stoxy |iKe Jexry's 
in problem * 36 to explain this' 
A noe) See 
32) What does Marie mean bby saying that, to 
sub rack, you “ust change the sign and add” ? 


Does Maxie's vule really oe 


A 
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St) JOT pays vo PER DAY S) 
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At, Using Identities 
) Is this an identity? 
] «(A + V/) = (Ox A)+(O «V¥) 
a) Jerry says we can multiply 
4x Q4 


Gs C ollows: 


Ts Jexry's method correct ? 
3) Alan Says we can multiply 4x 2/4 as fol/us: 
4XA=8 


ne 


iM : 


es 


; 
‘casolled 
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Ts Alan's method covrect ¢ 
4) Elizebeth says Jexvy used one side of the 
‘istvibutive law" identity, and Alan used the 
othex side. 
Which side did Jerry use! 
Which side did Alan use’ 
Ty Elizobeth ight $ 
Multrply, by tie different methods: 
2 AS 
i) EEG eRe 
)) Ib kee 
NAO (a eee 
ae 


Dae Cas + C 
/ 0) Ts this av ident ity 7 B et) BD 


ca i earl 


V doorr02 boots alee 


ie eyte : hi teds sq 
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wal syidude 
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A5. Open Sentences and Signed Numbevs 
Com you multiply these signed numbers? 
) Dewees 
BN? ON Ge) — ene 
How gook axe you at discovering things in science and 
mathematics? Can you tind the truth sets for these! 
3 (CxO)- (ix O)+ 22=0 a 
> 


4) (Lx) - (Sxl) + 6 = 0 
1 ee 


5) (ay, L_]) 4 KD)t4= O 


DiGi) (axl) + 620 


aS 


(LT ]x L1)- (3x C) taie/ (eee) 


i 3 


sich} NY 


a 


DrL boom 


Fage ee 
» (Ox O)- (3x0) +774 = 0 


(Lx O)-(15x (1) + 50=0 


joy(Cx C)-(-5¥ O)+ "6 = 0 


= 


e 


Faas ibe 
PO. Grachs 
Trove you discovered the secret 
gottern WAS making These ara chs quickly ¢ 
You can complete and glot ene geint, and get 
oll the other points by vsing the secret 


ea ttern , 
Wont *e\\ on bod else aboul the 


secre \ enw. 
\) For the open sentence 


A = Gabe yas 


David comple tec This Talgle ? o| 4 
SoS 


KS this en ean 
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2) Jerry plotted (xe) like this ° 


Is ‘his correct’ 


3) Marie SAYS Ae cs sGike Been: 


pattern . Sige SAYS Onother Cont should be here. 


Beer oe ee 
Ree aa ae 


erines BALES) 


4 F ee ee ee ne 


i id ie | 
| | : SNF ian : : 
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Pane INS 


H) A\ SAYS another Point should qe here 4 


ry 
TEN = ICAL QO) + | 
Dees A\ Know the secret cottern { 


5) Noney SYS | NE Point cae ae kere? 


pms eee Ws | PRA] 5a NN 
A= (2%'O) + | CO) ; 
Do you think None y Knows the secret 


——— 


+ 
P| 


st alletineetieedr demi 
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G eee ee gp 
7 oP Sen 
Ly , 
i 
7 i) 
f aon 


hesaoe) wh 


<a 


Yoo @ hati 


(o) Je fS SAYS another ecint should ao here % 


A | 
a ae ey 


ay oes 
A = (aes ) + | 
Does SefF Know the soem 


7) Bill seys Gnother point Aces here $ 


ZJCREBS 
, QO 


Dees Bill Know the secret cottern ¢ 


eer 04 Se 7 


—— tne ati a mp pee PS Es iy A elie’ 
ee } 


oy 
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S) For the oPen Sentence. 


A = (Se f=)) Vek 


iS this table A iaiede ey hyn 
| Vi 


q) Ys this Point aon escaii 


L\ 
Ae (3% 0) +4 


\0) Can ¥ ov Se the secret pat tern +o 
Gand Give more Points on this Qraeh | 


without CDM py Ting L hem ° 


eh 


‘ 


gi 


f 


meal 
on 


; y i. 
ray 
J tan 


ad.’ 
PPE a Mek 2) fh a 
+; ; fl . oe ae gh ae 


Fone IN 


1) ile This Point Correct & 


iS \ 
. ‘ 


A=(5xO)-2 
12) Goon spew vse the secret po tt ern 


fo Sind Yive more goints on this areph ? 


13) Gara viet wri te the Open Sentence. 


Sihoses Thoth + set Is indicated here ¢ 
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1) Dave made this Araelh 3 
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\wl} Week equation WIR § Dave using $ 
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\c) Bill mode this qra eh ° 
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W hat €quamon was Si\\ Using § 


rT) Scorn made this graph ¢ 
<4) 


JTBE: 
POLS 
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* 4 } } ' 
ri I { ’ LY : 
te » nae 
ee eae 
: EI 
* een tae imi i 
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p ere es 
| i eae 
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A iY @ t r 
Lads eilantenoeranlpelenthucmeaestnn etait i= abeset 
eae hate Sen > CU aoa ne ak # 
~~. ee er Steet ener ee ae weeny oan tian i 
; Ps i a ; i: eee | } 
— ne te 
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— Denies eee or 
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—_ a a et eS A aS  aeetiemenaand mnenel | 
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Faqe Foyt 
W kat eq vation Was Vance USiing § 


Is) F \\en made this arach % 


Deiecies On 


° What equation WAS E |len using ¢ 


= seh eae a : i 
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iy 


4 
i 
i 

= a — 


an Ce eee) ee 


Troe Be 
) = 
(lye EquaTions 


l. Gate yes Cind the. Truth set ore +\, 


open sentence ° 
fon? (keer a 
Q Without Finding the Ons wer for ais 


equation , Con jou qvess whether iT wil 
be a whole number ona SractTion 
9 


SU wen) = se 


et CAR you prove a 


L| Dill uses this Carte To helo Ain 


eS the ae sy On 3+(\| xc) a 


sell Bi ore 


HT 
mak ES 
9 Does *shis picture elo yOu 


‘Wa 7 


} we a i ss 


aie 
\ 


one 


Po.ne BS) 
5, Al says that he Shinks 23 may be 
Se answer Son Sis equation , 
Without Comput ing J Can you ty plain 
why 22 cannot be the aAngwer Fo 
this equa on ¢ 
G. In The equation s+(l1 x0) = AB, 
is C\\X 1) a Fraction ona whole number ¢ 
2% What denominator must the answer have 2 
Marie says that the answer must be 
a Sraction » between Band 3, with a denominator 
of \\. Do you aaqree SGitnnitvaciens 
GD. Bills picture now looks like this: 


mappa 
3 3 


Does this pic tvre helo you quess the answep? 
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0. Jerry tried lore In the equation, 
Was it toosmall on Teo big ° 
I, ASter Jerry had tried Sap Kou should 
we draw Bill's picture $ 
In. Coun you Sind a number that is Too 
small % How does this change Bill's cieture ¢ 
13. Con you find anumber thet is too big? How 
will you change Bill's picture nouns 
Is Con you Sind the truth set Sor the 
cquation + (ii; a) = ase 

Can you find the *xrvth sets Cor 


+h ese open Sentences ° 
ey Sa Gee inp) ace 


eer (>a) = 1S 


ON Bales B. BAlF ae 2 pAAaAe etm 


} tJ 
d J ei , 
x Se - fy , 7 Hh 
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‘ an 
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Pa. 56 


Pan ia xatih= So 
2g 


IQ, 3+ (17x QO) 


ews open Sentences are cea led 


equivo_lent if they have. the SQme truth, Se +. 
Iq. ike the open Sentence 2+ 0 =S 


equivalent to the open Senience axnzG ° 
20; Are +hese eq vivalent equations : 
° B+(Ca;yaQa)=i3 

G+ (ay) = 14 
a | Con You make up om CY VATION that is 
equivalent aoe ce One. 2 

Ba Cae) Sis 


aa: Can You make Up OW ecuir OS 


e ° 
9 @ quivadent Squat | OWS e 


: Tee at 
POS ee | re ae 
a (itn Pan a. ts 


law © 


“* 
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IS an operation Changes an equation , 
but dees not change the truth Se Wea ial 
Coll it a Trans Sonmation operation, 
aS Henr y Started with this equation ; 

=r Gass: 

He Sound an equivalent equation Shat 
began: lia Gere Va ok 

Con you avess the equation thet Henry 
found 2 
a4, Gan you use Henry!s method Yo stant 
with S+ TFS and get an equation that 


DeQ ins T+ a 


a5. @arn you USe. Henry's methad to qet 5S more 


CQ VOTIONS ) Arey of Which is equivalent t 340-58 


oe 


Rae, pee Vp oe, on oe 


welt 2p seubrl 


C4 Aw? ar we - 


acter -tiagtng Ga sind et ed 


Tage ISB 
26. Gan you describe Henry's method ° 
37 Can you invent Some method — of your 
Own that is different From Henrys method % 
392 Lavra invented $his method & 
She started with this @qvati on. 
a AD ee 
Ondo Sound “this eq vivalent equation * 
ar eles Ss 
ns Laura's method eee 
XG. Cras you Se Launas method to qet 


we eau of equivalent equations ¢ 


SOs Pov \ Say S he vused Leaura's merhod 
Anis ways fre stanted With! 


3+ oO =.35 5 
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Fage ISY 

then hevsed Laura's Mmerhod to aah 
Ts So Be PES oy 
Are these two eq uations equivalent 2 
Bo Gees you USE Lavras method to ae4 
a erir of equivalent equations 7 
32. Can you describe Lounals method ? 
33. Can you describe Henry's method? 
US Cau you Find an equation that js 
equivalent To *his one 4 
Se Cue ay=c/ 

35. Alay has Wo methods 2 he Says tho+ 
Alan's First Method works |iKe this? You 


Can Starrwith this equations 


2) & aig ye e 


Ez yh ian a } rs < 


i | d aw 


oo n Ps bs ra pi ] ry mvt Oni, thr) ft oh a 


i. | 


pad were ok sie 
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Ond you Can vse ” Alan's First Methed to get 
G+ (6xO)\=6¢. 
Dees’ Alan's First Methad” really work? 
%. Can you stort with this equation t 
3+ (34 q)=al 
Ond get an equivalent equation that begins 


? 


Pnetmec Costar lieatligel sb 


Which method aid y OV Use ? 

37, Can you start with 34+(@¥q)= 21, 

and get an equation that eq ins 
(Ques S$ 2 ae 

Which method did you use § 


3@. How meh y Kinds of Trans for mad ion 


Operations do you A UE 


; x, By t hey shih: * ¥ Re say 


ey 
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Pon | © | 


39, Wher do WE Mm eaw Dy equivalent equations 
HO. What do we mean by OW Transtorming operation me 


H1eCan you ques what” Alan's Seeond Method is © 
HQ. Alan says his "Second Method” is the reverse 
of (hig) ENF Die enM ete you Ques what 
los Aeterna. (RGAE IS 
43. Can you start with the equation 
ar (ep) =42 
ane ae | the Equivalent eq vation 
watauieye all % 
Which methed dic you use S 


NY, Let US$ start WIth this €q vation anc See 
Rae nan equivalent eq uot ons Wwe Coan act D4 


2+(\ya)=5o 


kt i | ; ve i ahah 4 i ey iB iD 1 Bates KS he fy CAN a Noi of to 


4 OR Se OO 
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HS. Lori cot this % 

Hr (11x) = 51. 
What methol did she vee § 
Hoos Ginger went on toaet this > 

Sy ds die ia) Savy 
What method did Ginger vse 6 
Hy. Ihen oan a\o* a eione 

Gr Gin y=se: 
NOnocraetnoa watd) enn Use < 
Nes Mors ao \ SWig* 

Ste RIESE. yO) Seale 
What method did Neary ie 


49. Jerry 2G ING & 
a4 (22x O0)2 106. 


e \W Wear method clic Derry vse ° 


| A om ie 
4 A> bib hatte: Ts 


Fat 


Chery) oF) 
ies Be « BiB hodtonoor 
. ; 
we LA ee Pane bit” Ae 
a ¥ 
BS * CC. «hae 
eo Ame iB bo pts v4 # “, { é 
% ; ny ay i 
Piatt hop ae ; 
123010 pee aes 
. 
, ike 
= ; ry SEN Te hte ee 
> we ye [Nt ted tne 
4 hie Le oa He ne - 
‘ ae iaeh 


Toe oS 
50. Al gov this? 
|) + (aa%O)) = 105. 
Rehatiemeshod aid Al use 7 
51, Wayne likes “Sancy methods. Ne changed 
A\\'s equation inte this one! 
Ve eye) Sta. 
Be Neicee hockey edi H2 
52, Tony got this Srom Waynels equation & 
O+laym) = gt ; 
How did he do it ¢ Did he really doit correct |y 
S3- J\ory SAYS we can rewrite Ton y's 


equation this WA ¥ Le 


al AN Ge (ool =o. 


\Do 9 he ON iG 


AJ ay ae 


. A ne ee 
| re | ; faa si Spat a) ‘ 


. io 
r 
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C) ee 
SN. Jerry Sys he ean vse Vransiorming opera] ions 
To hele in inch tae truth set Gor \he 
Eq VAAN ON 
54 (iS xD) = 36. 
© h ) re 
an You Qvess OW erry eocSe (1%. 
SS. Marit SFE SE PIN EOL SAQING Sernys 
quar \On ‘nko an easier one Ane begins 
~ 


Mp Ao DD... 
Do you Aare e ¢ 
Sé, Can you cha nat Maries result intd 
fo sliahth Simole + eq UN 10K that Begin s 


= hs ee 


= Can you make this eq ual ion still simpler’ 


Q £8. Can You Cind the +rurh se 4 


f 5 Li i { : - 
5 ome Re mes eam ne |, ty Plane a be . 
de we] i a cs 7 
i 7 : 


es - Mi my 


seu 1 SAN ee pn 


1G DRS A Bites ca ie 
nipsd 'hdt jee ieee! Ao 
4 ctiaiadis!tt se 

bas YAR Ve i. 

T/) G93 Pal | Sep nf \ apna pied i a 


aed DAR NO) Seoitad uxe 4 sistas abe Pt 
i] 


Sse iia “Pg 


Rae eo 


® eee Think of a Number 
1) wheal) aa Bret ey ? 
a) Wher 1S 9 EN TSS e 


3) The truth get Son Abi equation contains 
AW Numbers « Con you Kine ican S 
ley) — (Bway sG aie 
Can you Find the truth sets fon these equations ? 
W) (Ox¥O) -(3yo)+aa= oO 
5) (Oy O) ~ (aoxn)+ 46 = 0 
é\ (CE\SS1eD) = CR el) ay Maes 
GEN sWalxe)) + 9G = C 


@. Gene? Think of @ number, +: 


Ps Bery | Allright. 


i 


Gene® MNulti ply ft by iWse\f, 


nae Satie 
Dery |: Uh huh oes 
Gene: Now subtiack tuice 
MWe pumbev you stocted with. eat ees 
Bey |) Yes 
Gene > Now add j\ , staal 


Bexy\: Un- hu, te 

Gene. © and tcil we the 
Answer 

Bey: Fourteen: 

Genes The wmber You Phoug htt 


Be aS 1m 


Q, ecy | y es) thet was IX, 


~~ 
re 


PF, 
oa rdve Wein Te 
ti) ' 


a 
oer are OY “> 4 wi . 
oF j 


. W 
A y Ne i : 
hj i, 
’ f ‘A NAS + 


we ne ae ee lp 
“ we ae vi ; ' 
: ¥ 5 ut aaa 


G. Beth: erry) think of @ 
number 
Sear 2 Giga Se 
Both 4 Multiply IPby {Hert 
Jerry Uvh hub °e 
Beth 2 Qubrract twice the 
humber you started with 
Derry * Uvh-huh eee 
Beth es °ancl ada &. 
Jerry : Uuh-huh «+8 
Rathi cand 4e\\ me the 
resuly. 
Jeryt Signty Vive 


Beth* \lvas \O the 
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= yh sh 


+5 


mee | et ve nie mee ae 


ARR Boi" ane Aver 
" : 7 at 


a oNa 
Jae “BID 
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humbe¢ YOu Stuxted with ¢ 
Sex ry | Yes, was, 
JO, Maxt< says that mathematics tells YOu 
thot Sexxy staxted with etther tie or 
else with “S Ew ovdex to QAuess Whethey 
Secry Stavted with Tio or 7% y you have 
To use psychology, 

What does Marie tmean ? 
I While ®Bekh ond \exry were Ta King , 
Aun -Wavie wrote xhis' 

GilxE (ecm) 4+ 5 = oS, 

Does this help you to find the 

number Ahor Se ry stavted with? 


ot sy glad at aaa 


4 ya 
Ayo 
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Ine Al cays ‘that he wents a zero on the 
riaht hand side of the equorion, 
How can he get 17 tenes 
IZ. Kori says that AN (acu Subtract . 94 
From each side of the equation , Jetting 
Gaiam) —aGoaGnetu SOs Ol. 
Do you aarte with Loni ? 
I. Tony says the druth set fonthe Squation 
COxa)-(249) 47 9020 
is U*10,-8h. Is Tony right 2 
> 


Se Con yom raoKe YS fale problem li Ke this e 


m7} 


* ¥ a : ‘ weal A aemtieg ¢ 


- 
hall ot iY Kale tag a 
f) ve Pe. 9 
‘tn 
@ 
o ’ 
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eq. Graohs 


\) Con seo make a table +o Sot, the. atrena 


set of 


JX (CS TE es eye 
TAVAS 


Use on \y whole numbers 


(E\dner positive or neactive). 
Table Sor 


druth sey 


a) Car yh make o Aro ph to Show the truth 


set Sor IN = (axl) jaa 6 
L\% 
Use only whole 


humbers (either 
eos tive on neaative ), 
Graeh of IruthSet 


copyriaht © 19¢0 Robert BS. Davis 


urs war's racy oct @ # : 


oe . aah 
Oe | 
a 
7 
ij 
= 


Ae tiene) 


_—-_ 


a 


£ Utena nied » 


i? 


Sis a), ¥ in 
9 9t e 


ik 


i 


a 
7 
ay 
_ 


a 


e 


ee 


Roser Ce mat] 


of this are eh é 


3) Wher is the “pattern 
4) Without dom any arithmetic can you 
mak @ CO new Roint On your truth get ara eh 


8) Without doing ony onithmetia , can yOu 


on this troth cel qe eh sAhect 


ml A 
(Locate the point without doing ani hretic 


by looking aot She acometry KH the gregh |) 


G) Now do *Xhe arithmetic and see if your 


make a rey Ait 


Corresponds to 


point WOES IN +he right olece , Was iT j 
7) str, She same WAY lank aby dhe cpometry 
o& she arn eh ond mark a point of the 


ruth ser corres pending To 


mA. 


3 


| re 


y 
ia 
one 
mye 
— 
t 
era r= 
d ms 
" += 
% 


ae 3 


'y ai later ia ‘ “ ee be rnd ve sn _ if 


1) net eae o 


- 


Povie 
AIDS 


chnagcaall 


ees 


0 A ee 
hg io 


i wy 7, o - 
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@) Now do the arithmetic 3 

UN= (3 x 4 ) xP fa 
Was your peint in the right glace $ 
q) By looking o+ the qcomet ry ot the arc oly, 
mark & eo int a ee TEAR Geir corres pone ing to 

A. 
Jo) By Using the qcomes ay (instead of 
een), mark these points on the 


truth set Sree 


») ba , A 
5 el A 
, A 
a PA AN 
e) Tal ZN 


a 
; 
a 
f 
‘ 


Yoe 73 
s) [TH] , ZA 
a) : ZN 
h) fl , ZA 
Seah, ZN 
1) Suppose you marked oll of these , and 
Pree miciilom ieoints, 6% thei treth. set. 
Con you describe what the truth set 


ara eh would \oo Kk liKe ¢ 


12) Using only whole numbers (both eos tive and 
heqative \6 you wish ), make Barcaeh Hon she 
Seoth set oS 


Az(4y D+ 


\3) Whar is the ~ pattern, & Anis cyrcgh @ 


DaAa.cen vor 2eay 


ay ie lh, A of ky ven a2ar ¥ 8. 8 tn 1 oth 
A Rails 

i 

y Psy _ deo ey eye » ys op ih Soy has ba ad ; “~~; 379 by waQ r 

hs 


" wi tions Atm] Tater Ziorkw a: 


rf wet, fy nA hey alo oy hee Rue d rey as ¥ ( Aes eaiedl Mm ae 


Pe =, 
=: 


Thonn : 


/ eee 


‘ + ( f 


ereee te 


en, 


ra aa A 7 vy a 
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W) Jerry says the “cattern” of the graph 
pee A\e(4% 0) + 
is “oven one (to the right), and Up isnee, ¢ 

Do you agree § 

6) hook at the araph Gor Az ¥ Ep 
Withoot doing any arith metia 1 SAN You 
fil) in seme paints corresponding ‘10 Qract ions? 
je) LF all of these points were Filled in, 
Con you describe what the graph would be? 
Iz) 1f your anaeh is very cares lly drewn | 
toKe orvier anc comple te eon you use 
your are ch fo Gind the number Ahat should 


Ao \n the \rianale IN Orcler to mote aw tree 


statement ° /\ 2 (Hx (5) ) + | & 


Roe 175 
@ 3) Can you USE your arch to Sind the number 


that should Qo in the trianele ¢ 


/\= (4 + fap} ) a 


_—— 


i ie 


an 


& 


Fane 1% 
30. A Discovery by Peter 
|) For the open sentence 
L\= (44 aa Ss, 


18 this toble Gon the truth set correct ° 


2) ig this oh Correc t+ g 


| 


. 
1 
te 
re 


J 


Rage NATE 
3) Debbie SAS that ‘therne ig a wotternn of 
\ : i 
“over one BVO e To the right, Le four 37 UALS « 
Do you aqree % 
H\) Debbie made this picture y ORES Ch ee ot 


She meant . 


i | ZN | 
eit ee eee: 
FEEEEEEEE CH= end you end 
EEE amie lg, (4, 
Dae Biel BS, Sy fe corre cyt 
SOSA eze nee 
Loa ep ae See aR 
pee ea nla] [heel ©] 
UBOSVauvEke a 
RMIRD” Tana 
GE POEs n 
Li tT a Tee TT Byard Shen CONN 
CED age Cte ue Lovr sq vor 
WD SA ewe 
Vou xt Laat | | 
SOME Sh SSE Gos NEON AG 
au es ale | vane *O AWS 
Wee | ies | One VK ee? 
HET | Pag 


Does DIGI C!s . pattern” really wie as 


aan 


P 
> 
4 
7. ’ ad 
> | 4 
’ 
ey 


| 


. uh prion e —r om 


L) 


Page 17% 
8) Wovld Debbie's cottern work 1 you 
meee et Ole ¢ 
@) World Deblic's eottern work if you 
started aT elllls anes 
7) Does El A\ belong to the truth cet 
for the open sentence 

INS (4 x Fay) m2 i 

2) Does Debbies pattern work if you 
Peereat es) AN S 


q) Bi\\ Soys thay Debbie's pattern does 
work when you story at eal AN Rill dre w 


this d iaarom to show how he counted 
“over ene square to the right VS, RS 


| 
e 


) 
¢ LO a <4 oe S é 


- ‘ot Peet) ke eee 


ate 


“ rile 
r ‘ eee as 


eal 


Ah Oh Se 


i 
a a 
ee ign eee 


dod t 


EN i [ol * 


vistheg  e.sictd a by | yea 


Pert. 
Ae The e 3 


hl 


Se fs f pS | : F a 
1 AS &. | Fs bee 


t by 


oA wok Wode OF poeple 


tdipin uth oF 27 Ue 270), 
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a | Smal sem mn (5 You-end vpat PS], A\ 


“Tee r 
’ | HH RH sare 
28) Hie ® Counting over one $qvare 


Peale a 
a ae Zz to tne AQHT and LP Sour 


DEw/achae 


_AN fale 


Bill says thet WAN does belong 
DW to bhe truthset Son the ecpen sentence. 
Do you agree with Bill‘ 
10) Can you Prove thot Pa] A\ belong s 
PME een ded hs crete openasendence > 
1) Peter said: I've been thinking . Debbie's 


pattern works neo matter chat Size of 


auare you ose. Is Peter right ! 


& 


™ a | 
> 
i 
“2 
‘ F Tee. F 
; ts 2 ' 
in 
j 
id i 
7, 3 mm heey A 


¥ y 


Sol, Ne ee en Aa ee > ee 


ry 
# 


Faeye Xe) 


2) Peter made Severa| Pictenes \o show 


what We aeelcciah . First , he stanted at Fi) AN 


Ond Used (6%, Soy fhe thot WIOLS S) UnN\ ts on 


SEIS AC ot 


This 18 one oF the squanes that Peter 
ysed ° Car yen sinish this diagram S 
I 


13) When you countec| M over Siew Up Sour 


using Peter's big BF iG: SSB Ne A Aid you end 2 


\A/&S this a point of the truth se ? 


bey nes Shih pies 


{ 


0 OS ald \ saris Bh as 1% ; a . 


Rege ISI 
y 14) Con WS describe  Peder's discousvy ? 
S) Peter also made ao pic tore starting at 


vag and USING a litle Squane like this ° 


ee + = - 


apipeb Italo : 
Joe af .caaa oem = 
sea meh) | 


% Ac Segoe eee 
soe arcana 
ia 


These are Pro of Periers Smo\\-Size 


\ 
i 


squares CE unit oneach side). Con you 
Sinish this Picture & 
IG) When yios Count "over Ohe) and up Sour, : 


using the small-sized Squares in questions, 


f 27 
ib | i 4 

' 

y ae & 

4 . 
rs, 
Pa 

~ “ ea 
a] 
; forts 


$6 b quoi 


TR ny ‘ pe Pine 02 eee = 


Nid 


sited sisi ¢ 
oy 


ew eee b alien ete iad 
j ye 
i 
— 4 
' 
4 ou 


Sie 7 ay, 
r 


21 RS alg eats op she typ ve 


Page Yak 
Boner e did -you aod) 0 wha i othe 
Petiine vat iS Oatinn 

1) Caw yor describe Peter $s 
discovery 

\ 8) iereue Weeki & dA\ scovery véeally 
ion Ker? 


ag 


ou” 


9 
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3), P, ec Si on Deafhing and Reading 


Numbers Lyon Graphs 
Mathematicians usually dvaw thew 
qraghs vather Vo ugh and Vast N and 
Thal \s usually Dood enough . But in 
Today's lesson, we weed to haw odlr 
Ava ph The Wau & ood Avalts man 
would | Very carve Sully Aa precisely, 


\ The Open Seytence Coe er 


USI A iS 
Az (4yL)) 4+, 
Whieh of these Qvaphs is The 


most prec\s é ° 


Copyright © Ato Roet+ B, Davie 


s 


sean 


aru " A 
j | ie 4 { 
2 ae! oe Fen fi 
% eee nA 14 J t Fama 
| 


2AY NTP) Se oAT 4.9 fa ait A ) | 
po he my a 


s 


pet ists Oe 
a. |. 


j 323979 | He oat 


mh 


As 


Raina ieee oleae Ne mE Orel l=|o|_ 
mais le tela leas Rae casemenan| | 


er a alas 
| | akan aa pS 
[UMD Ge ee eee eee 
Donne eee ia 
SE OP 
CGE eee 
JO SR eee eee 
eee a | tf [a a oo | 


| 
| 


| 
i 
| 
| 
| | 
} 
\ 


race 
D sing The best of These araphs con 
BE hook wuncer in MEZA would 
correspond to O in whe Labs 


Use fhe oroph, msfead of auithmetic, 
To answer These questions ; 

> What number in the AA would 
Corres pond ea ye L] ! 

tN Con you complete this table 

wi Thout clowng avith metic, Py US ing 


the ogvaph 2 


a | i 
r ° di | ae 
} ] } t' f f fj £ 


ee 4 Veo U4 7) Sie 
4 e, 


Fond A) ye prio Tooth 


*y 


5) Check YOUT ANS WX iN oa now, by 
Substituting inte The Open cent ence. 


And doing the avith meric. , Weve You 


YEGSonably lose < 


page 1%] 
bb) Can pv Complete This table, 
Without doing Tre ovilhmertic , by using 
He graph § 


1) Alon SAU S he Could veod The Qvoeh 
Wy ore accurately ih it Weve lavoec, 


‘a Cra ov Cind OL Yoel to Moke + lavger! 


Too Se he 


= 
1g 


rT 
? 
70 
s 
was 
es . 
» 


, 
hi i. »* ‘ af *, =) ; | 4 . 
bosy blued od oie ane 


eee ee plot odes We 


4 x 

‘ 

a. 
nll, 
oS 

~_{— 

~~ 


page, |&¢ 
t) Alon dvew this giaph sox the 
open sentence J\ = (4, 0 al | 
ist right ¢ 


JC oS ee eee 
: COOP 
el 
aeeeeeEe 

| JOSS ee eee 
_. | (ODD eee 
Perry PIS RSS Se eee 


Cl) SPS ee eee eee 
TUM Sate eee Ce Sa 
H } 


—— 


al 


a ee 


ro Par toe 
H f 
ih? oe 


a 
aa 


Foun alia 
of 


i Lo) re + a7 
Ghigo at 
» 


Po 


pore \Xo 
® 
4) Using Mig CK PAN hed ‘ qvap lh , Cay 


Wou Co mle le AWS nt G sle ic 


8 
~3 
Hin 
Pre 
| 
33 
[o) I¢ You wot, YOU C&W check a few 
OF You’ SONOS +o Sey Dy substituting 


into ne, open) OVATE Weve You close ° 


sy tl” sanisteing rn a Bit 


Cy Lael TP Ad ai IG “ oN 


a 


-; 


ati sr aeygnh nee at) 


POge \% | 


33, Letters Sor Placeholders 


Have yoo looked in any of THe 
_ mothe meatics ov enqneewirg books heal 
- ove used w College $ Did Yoo ged 
Anu open sentences that looked Germ \iaweé 
ie you Nase looked in OWA Of These 
Wbooks, Yoo Probobly Saw % digg event 
Worahion , 
Meee Need would, write. El 
They would write A 
Whee we would Yori L\ 
They would write aie 


pooe IV 
Conse queniiy , where We wovldl rite. 


AN 


They would worite. 
qT 


os eo mm om = 


ag 


» Pea 
wilwsyuRs 
- as 


page I43 
Vhe paws OX qQvaph aXe Given 


Special names | 


This ‘S called 
The “X= axis " 
x 
Y bes iS called ae 


\\ \ Befeu Wa 


The point Soneven maine. Yoeescls 


ee 


Crosses The Me aKIS 


page \9'+ 
is usvally labelled with o Capi ta 


(t 


letiex on and IS called THe ~ Origin : 


3} 


; This point iS SEEN 
ME ha rmsect Gly mOR cen Hs 
k 


) Where we woold write 
A-O+ 3 


what Wwovld most college D0 KS VN 26 


2 


2) Jew foond This in & college bool ! 
Nat ie le 

Con you vorite this Using Si 

and “Z\” instead o& X" and ‘y ee 


Ae i an 
Doh ie i. 
wed PRUE et aT yl | 
5 a 


® 


pace. \%5 
3) Wayne says that We will have 
Trouble wih He "X" sign Sor 
multiplication , Decause “peogle will 
Confuse ft wrth the letter “y" Sox SEO 

Do you Know how colleqe books 

Men Vio. times Vee [ meanin May cl_| "Ne 
b) Rew Sound hese in Some 
Collese boo ks. Coss YOu KG - wvite Tem, 


SN oP ar c\ UX AVOGOENA C 


page Al 
ES Ute 4x-Q2= 0 
5) Did yoo Know a shorter WO 
Of Lavi Ping You & 
(Cen Woo write Ye Xk in 
ie) ie MN Notation % 
T) What is the value of 


Oye S Behe 
Nese & 
lee 
Ae Ue cs 


3) Cae Yor werele Tic mn LI) Jr. 


notation ¢ 


poge 19 
4) Con You make a avanh to 
Show the frath Set of x> pra 2s! 
|0) Sue aero \\o8 describe The 
Qvoaph os dhe truth set fox uP ryte aS! 
MN) Te You toon) yoo Can make a 
Dig graph OL xt+* =aS, Sy Ysing S 
Squares Gov each Kom EGES 00 
yead off Some yactions yom This 
en 
Did YOu check These Syoctions 
by substring into the oben Sewience’ 


Weve You close ° 


P oa os 
filmy, “ Bretoe 2A ae 


- 


Page bay 
33. Desceibing Graphs oF Truth Sets 
) AL. Dick, draw this line. The 
patiann is “oves one to the Qt 5 and 
ue Three. * 
arora On eco.) jon ct hemumliiens 


8 Hae : 


lke Dyers eet mers nent ean: ye oul 
» 


Nave Aeraed n° 


5 
Abd 


Tans BNO alt anil eA 9; 


“et 


page ie 
ey No,!  Thets act the tine 1 
Rel The Ine L meant crosses The 
\\- Kis a Fa (Cass You dvou the 
ne not Al meant ¢ 
>) JEW A! Po apeiocce hea incuminent 
Crosses the Kr axis al -1 and hag 
tie -pettevn “Ovex one to the cig ht 
Onc Up ar 
Bills OK You mean Tis line 


eve , down’ ¥ atts 


OR saat les) 
POMBE rare st TY —+tHH- 


Hil D 4 ‘accel ao 4 
Seem eer erie yy PCS 
jastesney asemeeuueae 
PouDobopag HOGEoccese 
NSD SEO Gene 

SH 


% 
Bee wm. 
aaa 


hase 


paqe AO 
y Wos Bill's \ne iat ¢ 

H) Fools Ellen, will goo diaw the 

line Thal crosses the X- avis at - | 

and has the pattern © 


HVE EOE AOE Nc 
right, and Wy Tonnies i 


Ellen : Just OQ mine ii sees 
e here ig the \ine: | 


) 


AN |O 


Naa 
LN 


BEE Besegcecosax! 7 
SEPURRSMSGERSE Si 
Seeman: i - 


EREERATLSS 
SRB BSES BS Hs 


page a0) 


Do You Wink Ellen's Ine ig the 
Ss | ae c| G 


i 


one thay Paul 
2) Mary Andy, eon You daw oO 

ne That Ceo nes Saline Ny aX|S at 

~3, and Nes a pattern ‘over aie aah 

rant, and vp four & 

Andy : Ow. Herveris The «hme; 


FE 
oe | eae [a ina [a 
Ex a | 9) ea | Fa 
a a Yt 
| ane | ss | | a | af to 
a | i) Sat] 75] FS) es || eg | | me 
79 BO 2) eee 


hs 
i 


5 


f ee oe 


page goOru 


Do You Waa Fert Andu's Ine as The 
one thet Moavy as keel sat 


Con Yo Avaw These lanes | 

6 A |jne Wat cvosses the x-axis 
ay 73 and hos a pattern “over one To 
Te visit, and up one a 

1) DOM eleainc Cxosses, the Yr OKIS 
Geers, ond os & pattern * OVEN 

One tothe vigitt, and down one? 
$) Nh lime rat crosses the Mo axis att b, 


@ and cyases the x-arigs of “2 ? 


ee 
4) A line that Cvocces the U> &KiC ail 
“S, and has the pattern “ovev 3 to 
the TA and dour prec: 
Io) A \ine that hag the pattern Over | 
to the ANS and vp 3"¢ 
I) A \ine thet crosses the Y-axis 
) at WAS and Was The pattern " vey | 


\>o The riQyl, and down bail” 


page Rot 
St Arak Discoveries 
) Car ypu draw o Grraighl-lihe qraph 
with he potfern " Over one tothe Fiat, ond 
up Too" Q 
2) Con you. make a teble for the Treth 
SeY of this opt h cewrence | 
[as = ( 3 x) ) one 
3) Fov this same open Senlence, 
A =(3x0)+2 
Carn you represen the truth set by 4 
aragh ¢ 
4) My eo. Sa.us thet she hes discovered tus 
Secrets, She can draw the raph of an 


open sentence \ike 


ah “ ~~ Ut 
: i} . P i) ad ue a. ; 
Ay ity ; = ; ' ; i 
: 7 i ms ; ’ 
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Con You wale a pulance Bebe cor 
each equation S Can vou tind the truth 
Set ¢ 
Hot Sh ID) + 3 SHG se HC 
Be (Axe) ) 45 S2Uh)), 50 
a) CYA) eS) = OS aah 


48) Lex and Debbie made these 
balance pictures and equations, in 


OY dex To Solve The eq yattion 
(Ss male: 4 = Coe (ail) ne 
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i hae: _ 
a 28 
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cq vation Q wd 


y Do 4 OU m4, e nave Th cathe 
Picture Ove via\t < 
Bey S equation 


Deli ay bce OWE ©. actu Ve 


(Sx) +4 = (2x )+)6 Le 


Bog with 1b locse me 
Jews | Bu arnt oke! ose 4 loose 

Dd wochers Grom each side, 
49) \hot did De bbie!s Walevaae 
“Picture look like wow ¢ 


aS . /\ 


re 
how Se At (AS pe eet ae 
f\ 
i 
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PO.ae Binos 


% rf) Whar did lex's €q ua\ioy look 
4 


\\Me ows 


L ey'S cq ULTIONL Lebbids Boallewed Re Ure 


(SxD) em 


5) Mamie : You Ce take ofs, iS) Tolls 
os wash ers Crom Pach side, 
% ; 
What balance pictvre Aid Debbie 


drow iene WOW att equation did Ley 


anne 
le anvars en vation DX 1eS Palance Picture 


m2. 8 
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Breeton (20) 4 i2-f 
§2) Ha sous that Debbie and 
lex Youve Sond the Toot Set Lor 
| the wrong equation, Hal Boys They 
Sond the Twth sel Lor 
2xC) =12, 
And They Should Nave Sound tthe 
Tyke Sek Sox 
(Sy D)+4+ =(3x0)+ lb, 
What do dr snk ¢ 
Sy) Whol wame do we Rve ty two 
Equations That have the Same tvuth sef ? 
55) What do we men by su TransCexm 
9 spesotion © ¢ 


Page 2 b4 
y Sb) “Rul SAYS thot adding 3 to 


Doth sides oO, On’ VQ uction IS Oe 


example Ox TOmSCoO™MN pevolon, 


BD: Yoo agree ¢ 


5D) Cor you give Some more ex awrles 
o Trowssorm orerations ¢ 

8) How Many Wansgormn operstions do 
You herons 

<| John mode these eq y ations And 
pic tores ym ordey to Solve 

(5 1)43=C1xL) ar. 

Do You daavee with Thats worl ¢ 

(SxL)) + 3=(IxL)) + |] 


r% tA 

: } ‘ F ’ ae 
j j ray ea 

o 7 ) 

a 

4 
Ni) 

ie 


Te, , ePlae) ALD woh , 


tial 


‘La (tJ ¥ | ) 
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F cid 


ky a Hoe oN | jw 
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y (5,0)+Z= (;+O)+ lo 
(5x O)+l= (yO) 9 
a @s5E)= LI any 


(4yO1) = (0x O)+ 4 


(3,0)=1 eA 


% divide both sides Du Thvee, : 


(pS 
and so The Try 


23 4, 


Page 
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Yo. Cindy's Machine 

Con you Sind the Toth set Sov 
these equations ¢ 

Pe Se Sent CS hal i) 5 

Nasri 4% = Cisld dss /b 

Com yoo make belance pichres So 
These equations 6 

a») (Ss, ie = yee 

We Gy (+b. = Cl xl) + 13 

5) Wheat do we call two equations 
that both lave whe same twth set? 

6) What do we mean by a 


\\ 
Trans orm oyer ation ; G 


>) 1) Can You sind The Troth set oy 


Wary, 
hh or eed 


r 2 Cay 
ea a 
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Jax (Bile SS 
@) Bar You Sind We neehea set Sox 
Si (ls 2 ¢ 


4) Suppose a and b are Placeholder 
Sor some wumbers. Can you Sind 
omni sel) Sax 

ay astm =uhuby 
lo) Cindy days she has alind of 
Mathematical “machine " thal will 
golue all equations os this Ty Pe. 
Con You auess what Cindy's 
Binachine is § 
D) Cindy Sous her her “machkne” Is 
This 


Page 264 
ae 
Cass You VSe Cindy's “mache | 


to solve. 


S (i) = Bo © 


Chea You Crs ce Cindy's Machine \, 
Solve These equal ions d 


mye ily = 35 


men 25 its 3 

ix O= 2 
5) y= saa 
eal =1 45 


Make UP a Problem Your sels, 


~ 


- 
i 


ee 


>) 


pane WO) 


Ce yee ra\ Je 1 by Cindu's 
Pana 3S 
1) Can You make ua’ machine | 
to Solve 
(ar. beth = 
1D Terey Fae aaURNR “SUE ER 
b+c 
QO. 
Does Jews mach me yea \ly 
Wok ¢ 
20) A\ Says Te machine o8) | worls ! 
= the 4 Co 
Does A\'s Machine veo lly work © 
2.1) Con ov Avow OO Dalance picture 
Lox ($x) 4 B = pia 


5) 


page 21 
ee) Cox, you vse Tvans-toxnn operations 
To simpli $y (SxL])+2= Lay % 

At each ster, make « balance piclute. 
23) Ho| SOUS that The TWansform oper ations 
that he used were : 

PSowtract the some number srom oth 
sides, Divide bath ides by The SAMe 
YVumber , | 

Ave These The EXNGS ov used ¢ 
24) Co you moe GS mochine” qo 
meee (Cay MS the cs 
25) Can You make &@ “machine to 


Solve Wis equation | 
(a xL]) eS Com ay ¢ 


if 
¥ hy 


) 


I ee 
BI) Fred rnode” this Mochine 1 
C= 7 

Does Tredls rackine veally wane 

Z)) Canws you make 2 balance es 
C5 S + \% =t(C] iit) 

23) Cav You vse Tans orm sr 
to Soph 44 (5x) + 2 = tak Ty) 


\Uinat Transform oveval Ons C id You use § 9 


Gas You make ao“ machine | ‘h 
Sloe eC6.c\n of These equddions ¢ 


2) (axLl)+(bxL) = 


ri, Tea 


, 
, 


shan | Pay 


, é 
if 


(ae 


face 7218) 
Cane el) rh = Cid 


[]l+ae-=hb 
eb. tn (CxlL)ie.a 
(ax) +( bd b= crd 
aes = (Cex Te +dt+e 
(ax LT) th = Cem eG 
tes b 
aa iy & 
(axL])= bictd 
ATEN (511 +(cxL])=d 
(oon EP , (bxL]) 3 c+ (dx) 
(oxLI) +(oxO)+e =(4xU) 
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4) OERWATIONS 
) What do we mean by an “identity”? 

2) Can you write down twenty identities 

2) How many vnove identities do you Suppos & 

there ove’ 

4) Lex hasa special list of ‘dent tes: 
+A =A+U 
VANES AVS 

O«AHV) (Ox A(OxV) 


fi s\)=2 
Eleo= 
MOS 6 


Fog eu Qa7Sk 


[| 
\ 


= 
\] 
eC SN ~ [| 


ad), 
a 


\| 


WW hack do yin 1 (ia Is special obout 
lLex's ligt ¢ 
5) Mavie Says Hat most of ex's ident ites 


we SO important that they have Names. Do you 


Know BOY of the names? 


») What do We Mean by 7 RAN ROE 


7) Why AR. NAAN RSI important £ 
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Can you write @ one step at atime devivatron 
for each of these identities? 
3) A+ (Bx) = (CxB)+A 


9) (4+8) x (4+) = (A4+4) +) (+e)x4 [+ (8x8) 
1p) AXS/= Sr 3 


I) Qxd= & 
a) (A+B) x(C+0) =HxC)+ 4x0) + Bx) +(Bx0) 
2) (A+B) +(C+0)= (D+e) + (G +A) 


+4) Can you Guess how to finish the wight 
hand side of this identity ¢ 
(A+8+C) XLO+E+F)= (4yo)+ 


elf ted a A) 
‘ $+) i HM hile 
Mas | 
Rap ee 
oii - 
- ’ 
i J 
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42, THE “ASSOCIATIVE” LAWS 


') Debbie says that eae ieee o$ identities 


is not eally complete, She Says it should also 


include this one: 
PIHAtV) = (T+ AAV 
What do you think“ 
4 Janet say that Debbie's identity has 
@ narne. Do you Know what it is called? 


3) Can you make up an Na osociative’ law 
Lor multiplication ¢ 


Gan You make. ny © ley acho Vay each of 


chese: ‘tee 
4) (A+B) + (C+0) =O +A) +(C+ 8) 


\ 


“ity P 5 ee SN WOY 


Sus id al Bee r + 
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5) (A+@) + (BHC) = (4+) + (2x8) 
t) Ete ax0 
ae A Nasty: ent act 
») (3xD)+@xO0)=6xU) 
9) (ax U)+(bxL = G+) xD 


ow, 


>: 


a 
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43, AKEA 

) Who is the biggest student in class? 

a) John says it all depends, Doyor mean the 
tallest, octhe heaviest, ov the oldest, ov 
the stvongest ¢ What do you think? 

3) Which 1s bigger, a pocket \ack-knife, or 
a@ piece of capex’ 

4) Which is bigger, the state of Rhode 
Island , o the Mississippi River? 

6) Which is bigger, an automdbile ox 2 
telephone pole % 


» Vo You Know what Wwe mean by lenath’ 
7) Do you Knew what we mean by area O 


8) Oo You eaieesy lan eo mean by Values 
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9) Can you. tHamnk os somethina that Ls Micey 


tall but has a sma || yolume © 


10) Can Wea think of something that has — 
bia ON EO laisse has O small Volumes 4 
i) Can ye think oy something that has Ce 


Smalley Over , bud a lavgex volume 7 


Now -- use o piece of graph paper: 
12) Can you dvaw ati quye that has an 


aveo of & squares ¢ 
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3) Is a poxallelogeam also o tape 20147 
W)) Ts every treperoid also a rectangle? 
ul) Is every teaperoid also a parallelogram! 
42) Ls every square also axectanale’ 
43) Ls evevy square also a parallelogram? 
44) Can you Kaw oO trapezoid with an avea 


of six Squave g¢ 


45) Can you daw 0. traperoid that is also a 


paral e| O aan” 


46) Can you draw o. brapezoid that is not o 
pavallelogvam ’ 

4) Can Your dwaw a triangle that has an 
axea of S/o squaves ¢ 


48) Can yu dvaw QA Figure that has an area 


Fag e R3Y 


of V4 squave ( 
49) Can you aplea OW rectangle that has an 


OX ea oy LO squares? 


50) Can ye dvaw ae bviangle re thyater has an 
? 


OY COL of 40 SYUANES ‘ 


4 oe 
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4 45. SIMULTANEOUS EQUATIONS 
Can you make a graph Soe the tyuth 
set oF each equation’ 
y= (3x0) +72 
pea (6 x[a))+ 3 
y A= (axO) + "4 
i 4) Lex says Lyat he Knows that (Fal Ay) 


\s OO point on the line Cx quest ior number 
[i Thevetore, he Say S he Knows Some thing 
else aout (2), AX) What else does ley 


5 


Know { | 
5) Mavy Says ee <G you eiileetncstcted 
(FA Ax) to the equation of guestion od) 
4) you ea get O true. statement. Oves eyes 


dee 


") 
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pint (EAA) hie on the graph $0 
question ay 

Lb) Can you Find one pair of numbers to 
Sill LE ZA go that both of these 
statements will be true? 

Ve eS Kl), eee 
[\= anes 
7) Can you Find one parr of numbers that 
will make loth statements true4 
/\= Caxtl) +7] 
Bl Genial) 3) 5 
3) Com you Sind one. pair of numbers that 
will make \wkh statements true? 
A = (*3x0)) +*] 


em 


0) 


Fage AqV2 
A, =CIxQ))+*7 
9) Can you se ined: ova pair of numbers 
that will make both statements true? 
Nea 55; 
(roar) ats 
/0) Have you found atyick method" 
for solving these equations Can you 
desevibe it! 
I) Can you solue this Parr : 
UNE eS ag 
/\ = (*4 x CT) 4 ny 
12) Can you solve this pair? 
ERE ACS RAIA 
ARE) a 
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13) Com you solve this parr: 
[ass 
Tie 3 40) ae 
4) Can you solve this pair: 
A= 


tet x) +73 
IS) Can you solve this parr : 


IX = 

ROE O37 Wes ae 
Ib) Con you solve this pa? 

Axe DR 1a 

A =(4x0)+7 


17) Can you solve Lis Pane * 
(7 eZ = Se 
-f\ =3 
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#6, A LAW OF PHYSICS 
!) Jexvy wants to weigh Some bags 
et washers, He j¢ Crying ROM Cee? 
"  bolance like this: 


blacKboavd 


How CAW he decide where to put the 
aah. |. bet) "3", and so on? 

2) Tony Says that these marks should 
be equally Spaced . Do You agree’ 


9) 
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3) Can you C)) in this table °? 
cE 
| IS a placeholder 2 : aX Bue 
Foe the number oF 


Washers. 


placeholder OOM 
the distane that 


the vulbev bands 
styetch, 


10> On 7%) 95a 


4) Com you xepresent these numbers on 
o- avaph’ 

6) Ellen says that 0 tamous physicist 
named Hooke described how things styetch, 
Oo you Know what Hooke said? 


() Sarah Wants 18S make a balance also, 


| Page AIC 
but she wants Co USe two Wwive Coat 


Nan gers Instead of vubber bands: 


mivine Klooard 


Can Your Cnish Sawelne balance / 


7) Can you make @ table for the number 
of woshers (zsh) ond the distance that the 
clip moves (A\), foe Sarahs balance? 

Can you Vvepyesent these numbers 
on a graph’ 


9) Can rors write the equation. lis this? 


A 


ee 

= 

a =! 
- 


age 297 
/o) Should the num bevs Os "2, 7 
on Savoh S balance be equally spaced / 


i!) Can you state HooKke's ene 


~ ” y san 
essays. pe iD SecA i EF lt ean 
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? 


% ef 


4 1 ; 


: 
a. = | 
raat 
Sie ee er ee 
a ee 
a ee | ae . 
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